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Unit 3 — Topology

Syllabus Focus: Topological spaces — Basis — The order Topology — The product Topology — The subspace Topology — Closed sets and limit points. Continuous functions —
The box and product Topologies — The matrix Topology. Connected spaces — Connected subspaces of the real line — Components and local connectedness — compact spaces
— Compact subspaces of the real line — Limit point compactness — Local compactness. Countability and separation Axioms — Normal spaces — The Urysohn Lemma — The
Urysohn metrization theorem — The Tietze extension theorem.
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Concept Description Note Example
Topological Space A pair (X,7) where (), X € 7; arbitrary unions and finite Open sets = elements of 7 (R, usual), (X, discrete),
intersections of sets in 7 are in 7.
(X, indiscrete)
Basis B C 7 such that for each z € X, some B € B contains z, and Every open set is a union Open intervals (a,b) for R
if £ € B N By, then dB3 € B with x € B3 C By N Bo. of basis elements
Order Topology On a linearly ordered set (X, <), basis of open intervals (a,b) On Z, it becomes discrete (R, <) usual; (Z, <) discrete
together with rays (—oo, b) and (a,00) when applicable.
Product Topology On J],c; X, the basis consists of all products [[;.; U; where Any product of compact R? = RxR, [0, 1]N (compact by
each U; is open in X; and U; = X; for all but finitely many i. spaces is compact. Tychonoff).
Box Topology On [, X;, basis [[, U; where each U; is open. Stronger than product; RN (box)
[0, 1]N not compact in box
Subspace Topology If Y C X, open sets are Y N U with U open in X. Closed setsin Y are YNF [0, 1] as subspace of R
with F' closed in X
Closed Sets & Limit F closed < X \ F open; z is a limit point of A if every A closed = contains all its [0, 1] closed in R & set of all
Points neighborhood of z intersects A \ {z}. limit points limit points of [0, 1] is [0, 1]
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Concept Description Note Example
Continuity f: X — Y is continuous < f~!(V) is open in X for every Equivalent  conditions: Identity map f : (Xgiscrete) —
open V CY. preimage of closed sets (Xindiscrete) 1S continuous
is closed; sequential (or
net) continuity; local
neighborhood definition.
Connectedness No separation into two disjoint nonempty open sets. Continuous image of con- Intervals in R, S*

Local Connectedness

Components

Compactness

Limit Point Compact-
ness

Local Compactness

Countability Axioms

Separation Axioms

Normal Spaces

A space X is said to be locally connected at x if for every
neighborhood U of x, there is a connected neighborhood V
of x contained in U. If X is locally connected at each of its
points, it is said simply to be locally connected.

Maximal connected subsets of a space; any two components
are disjoint. Their union equals the entire space.

Every open cover has a finite subcover.

Every infinite subset has a limit point.

A space X is said to be locally compact at x if there is some
compact subspace C of X that contains a neighborhood of x.
If X is locally compact at each of its points, X is said to be
locally compact.

First-countable: each point has countable local base; Second-
countable: space has countable base.

To, Th (Fréchet), Ty (Hausdorff), T5 (Regular Hausdorff), T
(Normal Hausdorff).

Where any two disjoint closed sets can be separated by disjoint
open neighborhoods. 2/5

nected is connected

All components of any
open set are themselves
open

Components are closed; In
a locally connected spaces,
components of open sets
are open.

In R™: compact < closed
& bounded

Compact = limit point
compact; converse fails in
general

Every locally compact
Hausdorff space can be
embedded as an open sub-
set of a compact Hausdorff
space (its one-point com-
pactification).

Second-countable = sepa-
rable, Lindel6f (metric)

Classifies spaces by their
ability to separate points
and sets.

Compact Hausdorff =
normal.

R’n

In R, components of open sets
are intervals.

[a,b], S*

Cofinite topologies

R™, S™

RTL

R™ is T, (hence satisfies all
lower axioms).

R™ with Euclidean topology.
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B Urysohn’s Lemma : Let X be a normal space and let A and B be disjoint closed subsets of X. Then there exists a continuous function f: X — [0,1]
such that f(A) = {0} and f(B) = {1}.

M Tietze Extension Theorem: If X is normal and A is a closed subset of X, then every continuous function f : A — R can be extended to a continuous
function F': X — R.

B Urysohn Metrization Theorem: Every regular T} space with a countable basis is metrizable.
B Heine—Borel Theorem : A subset K of R" is compact if and only if it is closed and bounded.
B Bolzano—Weierstrass Theorem: Every infinite bounded subset of R™ has at least one limit point in R”.

B Intermediate Value Theorem : If f: X — R is continuous and X is connected, then f(X) is connected. In particular, for f : [a,b] — R, the image is
an interval containing all values between f(a) and f(b).

@ Tychonoff Theorem: The product of any collection of compact spaces is compact when given the product topology.

B Closed Map Lemma: If X is compact, Y is Hausdorff and f : X — Y is continuous, then f is a closed map. If, in addition, f is bijective and Y is
Hausdorff, then f is a homeomorphism.

B Countability Relations: In metric spaces: (i) Second-countable = separable and Lindelof. (ii) First-countable = sequence convergence characterizes
closure and continuity.

B Local Compactness : Every locally compact Hausdorff space can be embedded as an open subspace of a compact Hausdorff space (its one-point
compactification).

B Product vs Box: The product of connected (resp. compact) spaces is connected (resp. compact) in the product topology. These properties may fail for
the box topology.

B Order Topology Facts: In (R, <), the order topology coincides with the usual topology. In (Z, <), the order topology is discrete.

@ Subspace Properties: Closed subspaces of compact spaces are compact. Open subspaces of locally compact Hausdorff spaces are locally compact.
Continuous images of compact (resp. connected) spaces are compact (resp. connected).
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p 4 Key Theorems

4 N\
B Compact Subset Theorem: In a Hausdorff space, every compact subset is closed. Moreover, if X is compact and f : X — Y is a continuous bijection

onto a Hausdorff space Y, then f is a homeomorphism.

@ Finite Intersection Property: A space X is compact if and only if every collection of closed subsets of X having the finite intersection property has
nonempty intersection.

@ Alexander Subbase Theorem: Let S be a subbase for a topology on X. If every cover of X by elements of S has a finite subcover, then X is compact.

B Tube Lemma : Let X and Y be topological spaces, and let Y be compact, and (zg,%0) € X x Y, then for every open set N containing {zo} x Y, there
exists an open neighborhood U of xg such that U x Y C N.

B Tychonoff Theorem: The product of any collection of compact spaces is compact when given the product topology.

@ Connectedness under Continuous Maps: The continuous image of a connected space is connected. Consequently, if f : [a,b] — R is continuous,
f(Ja, b)) is an interval (Intermediate Value Theorem).

@ Path-Connected vs Connected: Every path-connected space is connected, but the converse need not hold. In locally path-connected spaces, path
components coincide with components and are open.

@ Cantor Intersection Theorem: In a complete metric space, any nested sequence of nonempty closed sets with diameters tending to 0 has intersection
consisting of exactly one point.

@ Baire Category Theorem : Every complete metric space (and every locally compact Hausdorff space) is a Baire space; the countable union of nowhere
dense sets cannot cover a nonempty open set.

B Lebesgue Number Lemma : For every open cover of a compact metric space, there exists 6 > 0 such that every subset of diameter < § is contained in
some member of the cover.

# Normality Theorem: Every compact Hausdorff space is normal. In particular, Urysohn’s Lemma and the Tietze Extension Theorem apply to such
spaces.

B Urysohn Metrization Theorem: Every regular T} space with a countable basis is metrizable.
B Local Compactness Theorem: Every locally compact Hausdorff space can be embedded as an open subset of a compact Hausdorff space.

B Sequential Criterion: In first-countable spaces, z,, — z if and only if every neighborhood of = contains all but finitely many terms of the sequence.

B Compactness of Finite Spaces: Every finite topological space is compact.
. _/
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BB Examples: Topology: Open / Closed / Connected / Compact Sets

N

p
No. Space Open Sets Closed Sets Connected Sets Compact Sets

1 (R, usual) Unions of open intervals Intervals like [a,b] are Intervals Closed & bounded sets
(a,b) closed

2 (X, cofinite) (infinite X) @ and sets with finite com- Finite sets and X X (space is connected) X (every open cover has
plement finite subcover)

3 (X, discrete) (infinite X) All subsets All subsets Singletons only Finite subsets only

4 (X, indiscrete) {9, X} {9,X} X X (trivially compact)

5 R/ (lower limit; Sorgenfrey) Unions of half-open [a,b) Complements of unions of Ry is totally disconnected Ry is not compact; [0, 1] is

[a, b) not compact

6 R? =R x R (product) Products of intervals Complements of (a,b) x R? is connected Closed & bounded sets
(a,b) x (c,d) (¢,d)

7 [0,1] C R (subspace) [0,1] N U with U open in [0,1] N F with F closed in Subintervals inside [0,1]  All closed subsets of [0, 1]
R R (compact)

8 S! (unit circle) Unions of open arcs Closed arcs St is connected St (compact)

9 {0,1} with {@,{1},{0,1}} @,{1},{0,1} {0},{0,1} Connected compact since the set is

finite.
10 (Z,order topology) All subsets All subsets Only singletons are con- Finite subsets only
nected
Notes: (i) Box topology on RY uses basic boxes [], (an,b,) — stronger than product; [0, 1]N not compact in box. (ii) Matrix (norm) topology on R" is equivalent to the
usual topology; compact < closed & bounded.
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