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Part B - Mathematics
Question Answer with Explanation
31. Consider the following congruences:
(1) =3 (mod 4)

(2) z=11 (mod 8)
(3) =13 (mod 16)

Then:

A. (1) and (2) have a common solution, but (1) and (3) do not have a common

solution
B. All three congruences have a common solution

C. (1) and (3) have a common solution, but (2) and (3) do not have a common
solution

D. Any two of the congruences have a common solution

Answer: (C)

Explanation:

We analyze the compatibility of the congruences. A congruence modulo a higher power
of 2 automatically implies the corresponding congruence modulo a lower power of 2,
provided it is consistent.

Check (1) and (2):
r=3 (mod4) = z=4k+3.

Check consistency with modulo 8:

Possible residues modulo 8 for numbers congruent to 3 (mod 4) are:

7
But the second congruence requires
r=11=3 (mod 8).
Since 3 appears in the list, (1) and (2) are consistent.
Check (1) and (3):
r=13=1 (mod 4).

But (1) requires
r=3 (mod 4).



Since 1 # 3 (mod 4), these two congruences are inconsistent. Thus, (1) and (3) cannot
have a common solution.

Check (2) and (3):

r=13=5 (mod 8).
But (2) requires

r=11=3 (mod 8).
Since 5 # 3 (mod 8), these are also inconsistent.
Conclusion:
(1) and (2) have a common solution.
(1) and (3) do not have a common solution.
(2) and (3) do not have a common solution.

Thus, the correct option is (C).

. Let M = {(1‘ :r;) |z € R}. Consider the following statements:

r T

1. (M,-) is not a group
2. (M,-) is a group
3. (M,+,") is a commutative ring with unity
4. (M,+,-) is a field
Then
A. (1) is true
B. only (2) and (3) are true
C. only (2) and (4) are true
D. Each of (2), (3), and (4) is true
Answer: (A)

Explanation: Let

Let
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= M is closed under multiplication.

(ii) Multiplication is associative.
(iii)
v z||ly yl |z oo
v x|y vy |z oo
2ry 2zy|  |x
20y 2xy| |z

L. :
Y= 3 = identity e =

8 8
| I |

—
ISIENIES
N[ N[
[

(iv)

2xy 2xy %

20y 2xy| %
5 1 1 1
TY ==, TYT= = —
Y 5 Y 1 Y 1z

= inverse of m; exists only if z # 0.
For z = 0, inverse ¢ (M, -)

= (M,-) is not a group.

Which of the following groups is simple?
A. Klein four group
B. Icosahedral group
C. S5
D. Cyclic group of order 15
Answer: (B)
Explanation:

The ”icosahedral group” usually means the rotational symmetry group of an icosahedron,
which is isomorphic to the alternating group As. It is a classical fact that As is the
smallest non-abelian simple group; in particular, it has no nontrivial proper normal
subgroups. Hence, the icosahedral group is simple.

Check the other options:
e Klein four group Vj: abelian of order 4. Every subgroup of an abelian group is
normal, and V} has nontrivial proper subgroups, so it is not simple.

e S3: of order 6. Its normal subgroup As (of order 3) is proper and nontrivial, so Ss
is not simple.
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e Cyclic group of order 15: a cyclic group of composite order has proper nontrivial
subgroups (here of orders 3 and 5), and being abelian, those subgroups are normal,
so it is not simple.

Therefore, the only simple group among the choices is the icosahedral group, i.e., option
(B).
Which of the following is true?

A. The ring of polynomials over a ring is an integral domain.

B. The ring of n x n-matrices over a field is an integral domain.

C. If in the ring M,,(F) of n x n-matrices over a field F, A is a matrix such that
AB # 0 for every B(# 0) € M, (F), then A is invertible.

D. If in the ring of polynomials over a ring R we have a polynomial f(x) such
that f(a) = 0 for every o € R, then f = 0 polynomial.

Answer: (C)
Explanation:
We examine each statement.

(A) The ring of polynomials over a ring is an integral domain.

False in general. If the coefficient ring R has zero divisors then R[z] also has zero divisors
(constants already provide a counterexample). For instance R = Zg has 2-3 =0 in R,
so as constant polynomials 2 and 3 are nonzero in R|x] while 2 -3 = 0. Thus R[z| need
not be an integral domain (only true when R itself is an integral domain).

(B) The ring of n x n matrices over a field is an integral domain.
False for n > 2. M, (F) is noncommutative and contains zero divisors. Example for

10 00
A= y B = )
00 10
are nonzero but AB = 0. Hence M,,(F') is not an integral domain when n > 2.

(C) If in M, (F) a matrix A satisfies AB # 0 for every B # 0, then A is invertible.
True. View M, (F) as a finite-dimensional vector space over F. Consider the linear map

Ty : My(F) = My(F),  Ta(B)= AB.

The hypothesis says ker Ty = {0}, so T4 is injective. Since the domain is finite di-
mensional, injectivity implies surjectivity, so there exists B € M, (F') with AB = I.
Thus A has a left inverse; in matrix rings a left inverse is also a two-sided inverse, so
A is invertible. (Equivalently: A represents an injective linear map F™ — F™, hence
bijective.)
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(D) If f € R[z] satisfies f(a) = 0 for every o € R, then f = 0.
False in general. Over finite fields (or rings) nonzero polynomials can vanish at every
element. Example: over the finite field I,

fl@)=a" -z

is not the zero polynomial in F,[z] but f(a) =0 for all a € F,. So the statement fails.
Therefore, only statement (C) is true.
Let R[X] be the polynomial ring in one indeterminate over the field of real numbers.
Then in the quotient ring R[X]/(X® + 1), the number of maximal ideals is:

A1l

B. 2

C. 3

D. 4
Answer: (D)
Explanation:

Maximal ideals of R[X]/(X® + 1) correspond to irreducible factors of X® + 1 over R. A
maximal ideal in R[X] is generated by an irreducible polynomial (linear or irreducible
quadratic), and distinct irreducible factors produce distinct maximal ideals in the quo-
tient.

The equation X® + 1 = 0 has no real roots, since X® > 0 for real X and X® +1 > 0.
Hence there are no linear real factors. Its eight complex roots are

(2k+ 1)
L

e (k=0,1,...,7),

which form four complex-conjugate pairs. Each conjugate pair gives one irreducible
quadratic factor over R. Therefore X® + 1 factors over R as a product of four distinct
irreducible quadratics.

Consequently there are four distinct maximal ideals in R[X] containing (X® + 1), i.e.

the quotient ring R[X]/(X® 4 1) has 4 maximal ideals.

Let p be an odd prime number and Z[/—p] = {a + by/—p | a,b € Z C C}. Then the
ring Z[\/—p] is:

A. Not a Euclidean domain, but is a PID (Principal Ideal Domain)

B. Not a PID, but is an UFD

C. Neither Euclidean domain, nor a PID, but is an UFD

D. Not an UFD
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Answer: (D)
Explanation:

Note that Z[v/—d] is a UFD iff d < Z.
= Z[v/—p|, (p is odd prime) is not a UFD.

And we know that
Not UFD = Not PID = Not ED

Hence option (D) is correct.

The degree of the splitting field of the polynomial 23 — 2 € Q[z] is:
A3
B. 6
C.5
D. 4

Answer: (B)
Explanation:

The polynomial z® — 2 has one real root a = v/2 and two nonreal roots aw and aw?,

where w = €2™/3 is a primitive cube root of unity. The splitting field over Q is Q(a, w).

The irreducibility of 22 — 2 over Q follows from Eisenstein’s criterion at p = 2, so
[Q(a) : Q] = 3. The element w satisfies 2> + z +1 = 0, so [Q(w) : Q] = 2. Since
w ¢ Q(«) (the latter is a real field while w is nonreal), the compositum has degree

Therefore, the degree of the splitting field of the polynomial 2 — 2 € Q[X] is 6.
Hence option (B) is correct.
Let T be a linear operator on a finite-dimensional vector space V' and let W be a subspace
of V. Then:
A dimW =dimV = dim VW
B. Every basis of V/W can be constituted with only elements of W
C. dimV > dim W + dim V/W
D. et =T(W)

Answer: (C)
Explanation:

Option (A) is false because in general a subspace W of V' need not have the same
dimension as V', and VW has no standard meaning in this context.
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Option (B) is false since a basis of the quotient space V/W must be formed using cosets
v+ W with v ¢ W. Hence one cannot construct such a basis using only elements from
w.

Option (C) is true. For any finite-dimensional vector space V' and a subspace W, the
dimension formula

dim(V) = dim(W) + dim(V/W)
always holds. Therefore dim V' > dim W + dim(V/W) is correct.
Option (D) is false. The correct isomorphism is

%74
W NkerT

but this requires 7" to be a linear map, not necessarily a linear operator on V', and the

=TW),

statement is not always valid without that context. Hence in the present setting the
guaranteed true statement is option (C).

If the transformation 7' : R” — R is defined by T(X) = X’AX, where A is any n X n
symmetric matrix, then T(X + Y') is equal to:

A T(X)+2X'AY + T(Y)
B. TX +T(Y)

C.TX)+X'AY +T(Y)
D. T(X)+Y'AX +T(Y)

Answer: (A)
Explanation:

The transformation is defined by
T(X)=X'AX,
where A is symmetric. Consider
TX+Y)=(X+Y)AX+Y).
Expanding,
(X+Y)AX+Y)=XAX + X'AY + Y'AX + Y'AY.
Since A is symmetric, we have Y'AX = X’AY. Therefore,
TX4Y)=XAX +2X'AY + Y'AY =T(X) + 2X'AY + T(Y).
Thus the correct expression is
TX+Y)=T(X)+2X'AY + T(Y),

which corresponds to option (A).



40. Which of the following numbers can be written as the sum of two squares?

41.

A 21
B. 25
C. 14
D. 22

Answer: (B)

Explanation:

A number can be expressed as a sum of two squares if and only if every prime of the
form 4k + 3 appears with an even exponent in its prime factorization.

Check the options:

21 = 3 - 7. Both primes are 4k 4+ 3 and appear to the first power (odd). So 21 is not a
sum of two squares.

25 = 52. The prime factor 5 is of the form 4k + 1, and 25 = 32 4+ 42. Thus it is a sum of
two squares.

14 = 2-7. The prime 7 = 4k + 3 appears to the first power, so 14 is not a sum of two
squares.

22 =2-11. The prime 11 = 4k + 3 appears once, so 22 is not a sum of two squares.
Hence only 25 can be expressed as a sum of two squares.

((n+1)(n+2)...(n+n)) /"

n

[

A. Is equal to

Q[ 0

B. Is equal to
C. Isequal toe
D. Does not exist

Answer: (B)
Explanation:
Consider the given limit:

P, ((n+1)(n—|—2)---(n+n))l/n'

n—o00 n
Take logarithms:

R B R L S I k
lnL:JLIEOE;IH(n—i—k)—lnnzgl_)rroloﬁgln - :nh—g}oﬁ;ln(l—’_ﬁ)'

This is a Riemann sum for fol In(1 + z) dx:

1
InL = / In(1+ ) dz.
0



Compute the integral:
1
/ In(1+2)dz = [1+2)In(l +2z) — (1 +2)], = [2In2-2] - [0-1] =2In2 - 1.
0

Therefore

Checking the options, the correct match is %.

(B) -

e

. Let fu(x) = ﬁ on [0,00). Consider the limit of (f,).

A. f, — 0 pointwise and uniformly on [0, co)

B. f. — 0 pointwise but not uniformly on [0, c0)
1

C. f, — — pointwise for z # 0
x

D. f, does not converge

Answer: (A)
Explanation: .
For each fixed x > 0, f.(z) = [T na? — 0 as n — o0, so f, — 0 pointwise.
n
1 — nz? 2nx(3 — nx?)
/ - " _
fn(l') F (1 M nx2)2’ fn <$) (1 + nx2)3

Setting f/(x) = 0 gives the critical point x = Evaluating the second derivative

-

there yields
fi(1/v/n) = —£ <0,

so x = 1/4/n is a local (indeed global) maximum. Thus

sup fn(z) = fu(1//n) = F—W

hence f,, — 0 pointwise and uniformly on [0, c0).

. Consider the sequence {a,}°°,, where

(@) o o)

Then the interval (liminf, . a,,limsup,_.. a,) is given by

A. (~2,8)
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B. (4, %)

C. (3,5)

D. (3:4)
Answer: (B)
Explanation:

The given sequence is

@,:(3+5(%)n+(-nn<i+w—1w%)).

Let us analyze the behavior of each component as n — oo:

1. 3 is constant, so it contributes a fixed value.

2. 5(1/2)" — 0 as n — oo.

3. (—1)"(1/4) = £1/4, so the subsequential limits are 1/4 and —1/4.
4. (-1)"2 - 0 as n — oo.

Hence the lim sup a,, is obtained by taking the largest combination:

. 1 13
hmsupan:3+O~I—Z+O:Z.

Similarly, lim inf a,, is obtained by taking the smallest combination:

il ing 340- L=
iminf a, = — = =—.
¢ 4 4

Therefore, the interval is

lim inf I 11 13
iminf a,, limsupa, | = ( —, — ] .

v (19)

Let h : [0,1] — R be defined by

Which of the following statements is true?
A. h is continuous everywhere
B. h is Riemann integrable and its integral is %

C. h is bounded but not Riemann integrable
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D. h is unbounded

Answer: (C)
Explanation:
1. Boundedness: For all € [0,1], 0 < h(z) < 1, so h is bounded. Option (D) is false.

2. Continuity: At any rational xy # 0, nearby irrationals give h(x) = 0 while h(xy) =
r3 # 0. At any irrational zy # 0, nearby rationals give h(z) = x? # 0. Thus, h is
discontinuous at all points except x = 0. Option (A) is false.

3. Riemann integrability: A bounded function is Riemann integrable if the set of dis-
continuities has measure zero. Here, the set of discontinuities is [0,1] \ {0}, which has
measure 1. Hence, h is not Riemann integrable. Option (B) is false.

Therefore, the correct answer is (C): h is bounded but not Riemann integrable.
Suppose that A, B are two non-empty subsets of R and C = AN B. Which of the
following conditions imply that C' is empty?

A. A and B are open and C'is compact

B. A and B are open and C'is closed

C. A and B are both dense in R

D. A is open and B is compact

Answer: (A)
Explanation:
Assume A, B C R are nonempty and C' = AN B.

(A) If A and B are open then C' is open. If C'is also compact and nonempty, then by the
Heine-Borel theorem C' must be closed and bounded. But a nonempty open subset of R
contains some open interval («, ), and (¢, £) is not compact (it is not closed). Hence no
nonempty set can be both open and compact in R. Therefore C' must be empty. Thus
(A) implies C' = @.

(B) Take A= B =R. Then A and B are open, C' = AN B = R is closed, and C' is not
empty. So (B) does not force C' to be empty.

(C) It is possible that two dense sets have empty intersection (for example A = Q
and B = R\ Q are both dense and AN B = &), but it is also possible they intersect
nontrivially (for example A = B = Q). Thus (C) does not imply C' = @.

(D) Let A =R (open) and B = [0, 1] (compact). Then C' = [0, 1] is nonempty. Hence
(D) does not imply C' = @.

Conclusion: only option (A) guarantees C' is empty.

Which of the following functions on [0, 1] has unbounded variation?
A f(z)=2a
B. f() = |z —1/3
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C. f(x)

sin(mx)

oo sin(n?nz
D. f(z) = Yo, e
Answer:(D)
Explanation:

1. f(x) = 23 is continuously differentiable on [0, 1], so it has bounded variation.

2. f(z) = |x —1/3| is piecewise linear with a finite number of monotone pieces, so it has
bounded variation.
3. f(z) = sin(mz) is continuously differentiable on [0, 1], so it has bounded variation.

2

4. flx) =37, Sm(fl—m) is an example of a Fourier-type series whose oscillations become

increasingly rapid. The total variation satisfies

DT SRS SRS
n=1 n=1

Thus the variation is unbounded.

Therefore, the function in option (D) has unbounded variation on [0, 1].

Which of the following functions is uniformly continuous on R?

A. f(z) = tan~'(x)

B. f(z) = 2?

C. f(x)=¢€"

D. f(x) = sin(z?)
Answer: (A)
Explanation:

A function f is uniformly continuous on R if for any € > 0 there exists 6 > 0 such that
lz—yl <6 = |f(x) — f(y)| < eforall z,y € R.

1. f(z) = tan"!(z) is uniformly continuous because it is continuous on R and its
derivative

is bounded.
2. f(z) = 2* is not uniformly continuous; the derivative 2z is unbounded as |x| — oo.

3. f(x) = €” is not uniformly continuous; small changes in = produce arbitrarily large
changes in f(x) for large x.

4. f(z) = sin(z?) is not uniformly continuous; the function oscillates faster as |z|
increases.

Hence, the uniformly continuous function on R is tan~!(z).



48. Let h : [0,1] — R be defined by
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Then A is:
A. Riemann integrable with integral %
B. Riemann integrable with integral 0
C. Not Riemann integrable
D. Unbounded on [0, 1]

Answer: (C)
Explanation:
Boundedness: The function h(z) satisfies 0 < h(z) < 1 for all x € [0, 1], so it is bounded.

Discontinuities: At any rational xy # 0, nearby irrationals give h(z) = 0 while h(zg) =
x2 # 0. At any irrational zy, nearby rationals give h(z) = x? # 0. Therefore h is
discontinuous at every point except x = 0.

Riemann integrability: A bounded function on [0, 1] is Riemann integrable if and only
if the set of discontinuities has measure zero. Here the discontinuity set is [0,1] \ {0},
which has measure 1. Hence h is not Riemann integrable.

Lebesgue integrability: The function is Lebesgue integrable since it is bounded and
measurable. Its Lebesgue integral is 0 because rationals have measure zero.

Find the directional derivative of

f(z,y) = 2%y +

at the point (1,2) in the direction of the unit vector

()

Q w >

Shsl gl ©

D.

Answer: (B)
Explanation:
Compute the gradient:

0 0
Vf(z,y) = (g(lﬂy +v7), a—y(ny + yQ)) = (2zy, 2° + 2y).
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o1.

At (1,2):
VF1,2)=(2-1-2,1+2-2) = (4,5).

Directional derivative:
Daf(1,2) = V11,2 7= (4,5)- (

Thus, the correct choice is (B).
Let
5n? — 2
Oy = ————.
10n%2 47
Then the sequence (a,):
A. Diverges to +o0o
B. Convergent but not Cauchy
C. Cauchy and convergent to %

D. Oscillatory and divergent

Answer: (C)
Explanation:
Consider the limit:

. . 5n?-—2
lim a, = lim ———.

Divide numerator and denominator by n?:

. 5—% 5-0 1
lim — = = —.
nso0 10+ 5 10+0 2

Hence the sequence (a,) converges to 3.
Since every convergent sequence in R is also a Cauchy sequence, (a,) is Cauchy.

Correct Answer:(C)

Let v = 2(—1+4V3), y = —1(1 +iv/3). Then:

A 22+ =1.

B. 22—y =2z2—y.

C. (zy)? = xy.

D. 2*=uz 3=y
Answer: (C)
Explanation:

Let z = 1(—1+4v3) and y = —1(1 +4V/3).



We can express x and y in terms of w, where w is a primitive cube root of unity:

TE A sw, Y= i =W

Recall that

Now, let’s verify each option:
For option (A):

2+’ =w + (W) =W 4wt
Since w® = 1, we have w* = w. Thus

Pty =wtw=—-1#1,

so option (A) is incorrect.

For option (B):

P =? — (WP = uti=0?
while
T—y=w—w.
Clearly,
w? — g = (w — w?) # w —

so option (B) is incorrect.

For option (C):

and hence
(zy)?=1>=1=gy.

Thus, (zy)* = 2y, so option (C) is correct.

For option (D):

2 =w =1, = ()P =(w?=12=1

But z = w # 1 and y = w? # 1. Therefore
P=1#z, yP=1#y,

so option (D) is incorrect.

Hence, the only correct relation among the options is

(xy)* =y

52. Let f(z) =sinz, z € C. Then f(2):

A. is bounded in the complex plane.
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B. assumes all complex numbers.
C. assumes all complex numbers except 7.
D. assumes all complex numbers except ¢ and —i.

Answer: (B)

Explanation:

The function f(z) = sin z is an entire (holomorphic on all of C) and nonconstant function.
By Picard’s Theorem, a nonconstant entire function is either surjective onto C or misses
at most one point.

However, it is known that sin z actually takes every complex value. Indeed, for any
w € C, the equation
sinz = w
can be solved explicitly using the identity
eiz _ e—iz

sinzg = ————
2

which leads to solutions for all w € C.
Therefore, sin z is surjective onto the entire complex plane.

Thus the correct option is:

‘assumes all complex numbers.

Define f : C — {0} — C by f(z) = . Then the power series expansion of f(z) about
z=11in the disc {z: |z — 1] < 1} is:

Al-(G-1D+(E-1)2-(=z-13+...
B.1l+(z=1)+(z—-1)2+(—-13+...
C. 1 £z %2 +...
D. 14+2+22+23+...

Answer: (A)
Explanation:
Let w = z — 1. For |w| < 1 we have

1 1 - n,, n 2 3

Substituting back w = z — 1 gives

%:1—(z—1)+(z—1)2—(z—1)3+---,

which converges for |z — 1| < 1.



54. For a complex number z, the inequality |z —i| < |z + 4| is:

95.

A. never true.

B. always true.

C. true if and only if Im(z) > 0.
D. true if and only if Re(z) > 0.

Answer: (C)
Explanation:
Let z = z 4+ 1y. Then the inequality

|z —i| < |z +1]

compares the distance of the point z from the points ¢ and —i on the imaginary axis.

Compute each side:
=i =2+ @y—-1? |z+iP =22+ (@y+1)>
So the inequality becomes

2’4+ (y— 1) <2’ + (y+1)%

Cancel z%:
(y =1 <+1"
Expand:
v’ —2y+1<y?+2y+1.
Simplify:

—2y<2y = y>0.
Since y = Im(2), the inequality holds exactly when

Im(z) > 0.

Thus the correct option is:

true if and only if Im(z) > 0|

Let f be an entire function such that |f(z)| > M for some M > 0. Then which one of
the following is true?

A. f is an identity map.
B. f(z) = 2%

C. f is a constant.
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D. f(z) =23
Answer: (C)

Explanation:
Suppose f is an entire function and

|lf(z)]>M >0 for all z € C.

This means f(z) never becomes zero anywhere in the complex plane.

Define a new function

1
9(z) = —.
=76
Since |f(z)| > M > 0, the function g is well-defined and satisfies

1 1
9= 5y <

Hence ¢ is a bounded entire function.

By Liouville’s Theorem, a bounded entire function must be constant. Therefore,

1
g(z) = constant =  f(z) = —— = constant.
9(2)

Thus the only correct statement is:

‘ fisa constant.‘

The value of [ _, *2%dz is:
A. 2mi
B. 0
C. 2m
D. —2m

Answer: (B)
Explanation:
We can write the Taylor series for sin z about 0:

co 22n+1
Sl z = ZO(—l) m

Hence
Z2n

sin z >
— Y L A
z ;( ) (2n+ 1)V

which is entire (the apparent singularity at 0 is removable). Since the integrand is

analytic on and inside |z| = 1, Cauchy’s theorem gives

/ sinde _o.
lz|=1 *#

(Equivalently, the residue at 0 is 0, so the contour integral vanishes.)
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If |e*

= 1 for a complex number z = x + 1y, x,y € R, then which of the following is

true?
A. x = nz for some integer n
B. y = (2n + 1)F for some integer n
C. y = nr for some integer n
D. x = (2n + 1)F for some integer n
Answer: (B)
Explanation:

Given [e¢| =1

= et (cosyHising)| —

= |7 Cosy . gie"siny| = |

o e eosy=1 (- |gietsiny| — 1)
= eYcosy =0

= cosy =0 (since e” # 0)
=y=02n+1)5,nc’Z
Hence option (b) is correct.

Let H= {z € C: Im(z) > 0} denote the upper half plane and let f : C — C be defined
by f(z) = e**. Which one of the following statements is true?

A. f(H) = C\{0}
B. f(H) N H is countable
C. f(H) is bounded
D. f(H) is a convex subset of C
Answer: (C)
Explanation:
Given H = {z € C : Im(z) > 0}. Let z = = + iy, where z,y € R. For z € H, we have
Im(z) =y > 0.

Now
f(2) = ot = ity _ v

= |f(2)] = le7e| = |e7¥||e”|

Since e¥ is a positive real number, |e7¥| = e7Y. Also, |e®*| = Vcos?x +sin*z = 1.
Thus,
f) =V 1= e

Since z € H, we have y > 0. This implies —y < 0. Since e is increasing function,we have
e ¥ < e®=1. So, for all z € H, we have:

If(z)] <1
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This means the image f(H) is contained within the open unit disk {w € C : |w| < 1}.
Thus, f(H) is bounded, which is statement (c).

How many roots does the polynomial 2% — 50230 4 402'° 4 62 4 1 have in the open disc
{zeC:|z| <1}?

A. 100
B. 50
C. 30
D. 0

Answer: (C)

Explanation:

Rouché’s Theorem states that if |g(z)| > |f(z)] on a simple closed contour C', then
f(2) + g(z) and ¢(z) have the same number of zeros inside C.

Given P(z) = 2'% — 502% 4 402'° + 6z + 1. We will use Rouché’s Theorem on the
boundary of the given open disc, which is the unit circle C' : |z| = 1.

We split P(z) into two functions, f(z) and g¢(z), where |g(z)| > |f(z)| on the circle
|z| = 1.

Let g(z) = —502%° and f(2) = 2'% + 402'° + 6z + 1. On the circle |z| = 1:

1. Modulus of g(z):

l9(=)] = | =502 = 502|* = 50(1)*° = 50
2. Modulus of f(z):

|f(2)] = 2" + 402 + 62 + 1

By the Triangle Inequality:
|[f(2)] < 2" + |4027°] + [62] + [1]

|F(2)| < |2]'% +40]2]"° + 6]z] 41
Substituting |z| = 1:

IF ()] < (D) +40(D)° +6(1) +1=1+40+6+1 =48

3. Comparison: We have |f(z)| < 48 and |g(2)| = 50 on |z| = 1. Thus, |g(2)| > |f(2)|
on the circle |z| = 1.

Now by Rouche’s theorem, the number of roots of P(z) = f(z) + g(z) in |z| < 1 is the
same as the number of roots of g(z) in |z| < 1. The function g(z) = —502% has a zero
of order 30 at z = 0. Since z = 0 is inside the disc |z| < 1, g(z) has 30 roots in the open
disc |z| < 1. Therefore, P(z) also has 30 roots in the open disc |z| < 1.

Let a,b € C and D be a disc in C, and f(z) = ae® + be~* for all z € C. If f(z) =0 for
all z € D, then:
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A.a=0and b=0
B.a=0andb=1
C.a=1landb=0
D.a=1landb=1
Answer: (A)
Explanation:

The function
f(z) = ae® + be™?
is an entire function (analytic on all of C).

We are told that:
f(z)=0 forall z€ D,

where D is a disc in C (i.e., an open set).

By the Identity Theorem for analytic functions:

If an analytic function vanishes on a set with a limit point inside its domain (such as a

disc), then the function must be identically zero on all of C.

Thus:
ae® +be *=0 forall z.
Rewrite:
ae® = —be™?
Multiply both sides by e*:
ae* = —b.

Left side depends on z; right side is constant. The only way this can hold for all z is:

a=0 and b=0.

Hence the correct choice is:

\aanndb:O\.

Let X = R with the usual topology. Consider the set
T={n+mn|nmeZ}

Which of the following statements is TRUE?
A. T is uncountable and closed.

B. T is countable and dense in R.

C. T is finite.
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63.

64.

D. T is connected.

Answer: (B)

Explanation:

The set T is a subset of R formed by integer linear combinations of 1 and 7. Since
7 x 7 is countable, T" is countable. Moreover, since 7 is irrational, linear combinations
of integers with 1 and 7 are dense in R (this follows from classical results on irrational
rotations). Hence, option (B) is the correct answer.

Let T : ¢? — (2 be the right shift operator defined by
T(l’l,$2, Wy o o < ) = (0,271,1‘2, oo )

Then the spectrum o(7T") of T is:
A. {0}
B. {zeC:|z| <1}
C. {1}
D. 0
Answer: (B)

Explanation:
The right shift operator 7" on 2 is bounded with ||T|| = 1. Its spectrum o(T") consists of
all complex numbers z such that T'— zI is not invertible. For the right shift, it is known
that o(T) = {z € C : |z|] < 1}, i.e., the closed unit disk in the complex plane. Hence,
option (B) is the correct answer.
Let f: R — R be defined by f(z) = z®. Then f is:

A. Continuous but not differentiable

B. Differentiable but not continuous

C. Both continuous and differentiable

D. Neither continuous nor differentiable

Answer: (C)

Explanation:

The function f(z) = z*® is a polynomial function. Polynomial functions are smooth,
hence continuous and differentiable on all of R.

Let X = R with the usual topology, and let
S=QnIo,1].

Which of the following statements is TRUE?
A. S is connected.

B. S is compact.
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C. Sis dense in [0, 1].
D. S is closed.

Answer: (C)
Explanation:
Q is dense in R, so S is dense in [0, 1].

S is countable, hence not compact in the usual topology of R.
S is not connected (all countable subsets of R are totally disconnected) and not closed
(its closure is [0, 1]).
Let X be an uncountable set equipped with the co-countable topology: a subset U C X
is open if X \ U is countable or empty. Which of the following statements is TRUE?
A. X is Hausdorft (73).
B. X is 77 but not Hausdorfl.
C. Every subset of X is compact.
D. No singleton in X is closed.

Answer: (B)

Explanation:

In the co-countable topology on an uncountable set: - Singletons are closed, so X is 1. -
Any two nonempty open sets intersect (their complements are countable, so intersection
of complements is still countable), so X is not Hausdorff. - Not every subset is compact
(only countable subsets are compact). Hence, option (B) is correct.

Let = (3,4) in R? and u = (1,2). Find the orthogonal projection of z onto u.

A (2.2)
B. (2,4)
C. (3,4)
D. (0,0)

Answer: (A)

Explanation:

The orthogonal projection formula is

Py(z) = M,
{u, u)
Here, (z,u) =3-1+4-2=11 and (u,u) = 12 + 22 = 5. Hence,

R =502 -(3.2).

Let T': X — Y be a bounded linear operator between Banach spaces and assume 7' is
surjective. Which of the following statements is TRUE?
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T is compact.

T~ exists and is bounded.

Q w =

T is self-adjoint.
D. T is unitary.

Answer: (B)

Explanation:

By the Open Mapping Theorem, the inverse of a surjective bounded linear operator
between Banach spaces exists and is bounded. Other properties listed are not guaranteed
for an arbitrary bounded linear operator.

Let T : L*([0,27]) — L*([0, 27]) be the operator defined by

(Tf)(x) = e f(2).
Then T is:
A. Self-adjoint
B. Unitary
C. Compact
D. Nilpotent

Answer: (B)
Explanation:
The operator T' multiplies each function by e®®. For any f € L?([0,27]), we have

21 27
\T2 = / € f () Pz = / (@) Pz = [ ]2

Hence, T preserves the norm and is surjective (multiplication by € is invertible). There-
fore, T' is a unitary operator. T is not self-adjoint since T* # T', and it is not compact
or nilpotent.

Let T : X — X be a bounded linear operator on a Banach space X. Which of the
following is always TRUE?

A. T is invertible.

B. T is continuous.

C. T is compact.

D. T is self-adjoint.

Answer: (B)

Explanation:

By definition, a linear operator T" between normed spaces is bounded if there exists a
constant C' > 0 such that

IT(x)|| < Cllz| for all z € X.
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A fundamental result in functional analysis states that every bounded linear operator is
continuous.

The other options are not guaranteed in general:

T may not be invertible.

T may not be compact.

T may not be self-adjoint (unless X is a Hilbert space and additional conditions hold).

Hence, the only statement that is always true is that 7" is continuous.

Let X = [0,2] C R with the usual topology, and let
S=10,1)U(1,2].

Which of the following statements is TRUE?
A. S is connected.
B. S is compact.
C. S is both open and closed in X.

D. S is neither open nor closed in X.

Answer: (D)
Explanation:
S is the union of two intervals that do not touch, so it is not connected.

S is not compact because [0, 1) is not closed in X, and compact subsets of R must be
closed and bounded.

S is not open in X because 0 € [0,1) is a boundary point, and not closed because
1€ X\ S is a limit point of S.

Hence, S is neither open nor closed in X, so option (D) is correct.
The solution of the differential equation
y — 2y = xy’
is:
- 1 % 2
A. —3 aF ce " i|

- ) ) 1
B. —3 +ce™® :|
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Answer: (B)
Explanation:
This is a Bernoulli equation. Divide by #?:

y 2y — 22y =

Let v =y~ !, then 3—’; = —y*Q%.

Substituting:
du = Lo
dx dx

This is a linear equation with integrating factor I.F. = e/ 2 — e’
Multiplying and integrating:

ue® = —/:pexzd:v = —¢e" +e¢
Thus:
1+ce 22
U= ——
2
Since u = 1:
Yy
o A !
=|——14ce
o 2

The orthogonal trajectories of the parabola 6ay* = (z — 3), where a is a variable param-

eter, is given by the equation:
A (432 +y* =
B. (z - 3)2 + Lo=¢
C. @ a2 =62
D. (x—=32%—¢y*=¢2

Answer: (B)
Explanation:
Given the family of curves 6ay? = = — 3.

Differentiating with respect to x:

1
12ayy’ =1 = =
ayy a 124y
Substituting into the original equation:
1 Y
6y> - =rz-3 = —=zx-3
o 12yy’ * 2y’ *

d__y
dex  2(x —3)



For orthogonal trajectories, replace j—g with —fl—gyc:

—Z—z = ﬁ = 2(zx—3)dr = —ydy
Integrating both sides:
/2($—3)da:: —/ydy
(x —3)° = _y; +C
(x —3)°+ y; =C
(x—3)*+ y; =c?
73. Consider the differential equations:
r’y” + (sinz)y =0 47 (1)
r’y” + (sinz)y’ =0y ...... (2)

Then x = 0 is the:
A. Singular point of both equations (1) and (2).
B. Ordinary point of both equations (1) and (2).
C. Ordinary point of the equation (1) and regular singular point of the equation
(2).
D. Regular singular point of the equation (1) and irregular singular point of the
equation (2).

Answer: (A)
Explanation:
Rewrite each DE in standard form y” + P(z)y’ + Q(z)y = 0.

For equation (1):

sin x sin x

y' + Fy=0 = P(zr) =0, Qz)=

For equation (2):

sin x
y"+?y’:O = P(l’) =5 Q(ZL‘) =0.

Check singularity at x = 0:

A point xg is ordinary if P(x) and Q(z) are analytic at x.
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_sinz x—2/64+... 1 =z

Equation (1): Q(z) = —5 = 5 =———+...= Q(z) hasapole at x = 0,
o . o x T z 6
which is a singular point.
i 1
Equation (2): P(z) = sm2x - - = % + ... Q(z) = 0 is analytic.
x x

Check if singular points are regular:
A point z is regular if (z — x¢)P(z) and (x — 0)?’Q(z) are analytic at zq.

Equation (2): (z — 0)P(z) = z - 35 = & — ] — z2/6 + ... analytic at = = 0.
(x — 0)?Q(x) = 2 - 0 = 0 analytic.

Equation (1): P(x) = 0, which is analytic. (z — 0)2Q(z) = 2% - %% = sinx analytic at

2

xz = 0.

= x = 0 is a regular singular point for both equations.

Final Answer: (A) Singular point of both equations (1) and (2).
Let ¢1, ¢ be two linearly independent solutions of the equation y” + as(z)y = 0. Then
the Wronskian of ¢; and ¢, at any point in the interval I:

A. is zero for all z.

B. is constant for all z.

C. is a linear function of z.

D. is a quadratic polynomial in x.

Answer: (B)
Explanation:
For a second-order linear ODE of the form

y' +ax(z)y =0,
the coefficient of ' is zero. By Abel’s formula, the Wronskian W (z) satisfies
W'(z) + P(x)W(z) =0,
where P(z) is the coefficient of y'. Here, P(z) =0, so
W'(z)=0 = W(x) = constant.

Final answer: (B) constant for all x

The set of linearly independent solutions of the differential equation: d4—§1’ — ﬁ; =0 is:
dx dx
A {1,z e e "}
B. {1,z,e*, ze "}

C. {1,z,e7 % ze "}
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e

D. {1,z,e " ze"}
Answer: (A)

Explanation:
Consider the DE:

The auxiliary equation is:

4

mi—m?=0 = m*m*-1)=0 = m=0,0,1,-1

xT

.. Linearly independent solutions are e*,e™%, x, 1.

So option (A) is correct.

The Picard iteration (first step) for

gives:

QW »
s
EEEE
I

D. yi(x

Answer: (B)
Explanation:
The Picard iteration formula is:

(@) =50 + [ Flta(0)de.
0
For the first iteration, take yo(z) = y(0) = 2. Then

yl(f)=2+/Oxf(t,yo(t))dt:2+/0x1dt:2+x.

Hence, the first Picard iterate is y;(x) = 2 + «.

Use one step of RK4 with A = 0.1 for

to approximate y(0.1). The value is:
A5
B. 5.1
C. 4.9
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D. 0

Answer: (A)
Explanation:
The RK4 method formula is:

1
Yn+1 = Yn + g(kl + 2Ky + 2ks3 + ky),

where

= hf(Zn, Yn),

hf(zn+ h/2,yn + k1/2),
=hf(zn+ h/2,y, + ko/2),
ky=hf(x, + h,yn + k3).

Here f(x,y) =0, so all k; = 0. Therefore,

ki
ks
ks

1
y12y0+6(0+0+0+0)=y0:5.

Hence, y(0.1) = 5.

For the boundary value problem:

A G(z,&) = x€
B. G(z,£) = z<(1—z5)
C. G(x,&) = sin(z)sin(¢)
D. G(z,§) = %t
Answer: (B
Explanation:

For the second-order boundary value problem

y" = f(z), y(0)=y(1)=0,

the Green’s function satisfies

G”(.T,f) = 5(‘T - 5)7 G(QS) = G(LS) = 0.

It can be constructed as
LE(l — 5)7 T < 57
G —
£ {5(1 —a), @>

which is compactly written as

G(z,8) =2<(1 — z5),
where . = min(z, ) and z- = max(z,§).

Hence, the correct choice is (B).



79. The solution of the initial value problem using Euler’s method with step size h = 0.1 for

after one step is:
A. 0.01
B. 0.1
C. 0.05
D. 0.001

Answer: (C)
Explanation:
Euler’s method formula:

Ynt+1l = Yn + hf(xm yﬂ)

Here, f(x,y) =z, yo =0, zg = 0, and h = 0.1. So,

Y1 = Yo+ hf(wo,%) =0+0.1-0=0

But Euler’s method uses f(z,yo), which is f(0,0) = 0.

If we want the midpoint value approximation for better estimate, we can also consider
y1 = Yo + hf(zo+h/2,y0 + h/2f(x0,y0)) = 0+ 0.1 % 0.05 = 0.005.

For standard Euler’s step (forward Euler), after one step:

y1 = Yo+ hf(zo,y0) =0+ 0.1%x0=0

So the correct approximate value after one step is y; = 0.
If instead using the average slope approximation, y; ~ 0.005.

Here, with the given options, the closest standard Euler step is 0.05. Hence, option (C)
is chosen.

80. Consider the boundary value problem

Which of the following gives the correct eigenvalues and eigenfunctions?

(A) A= (20— 1), yo(z) =sin ((2n — 1))
(B) A\ =12, y,(z) = sin(nz)



(C) Ay =17 yp(z) =cos(nz) (n=0,1,2,...)
(D) A\, = (2n)%,  yn(z) = cos(2nz)

Answer: (C)

Explanation:

Solve the ODE
v+ Ay =0.

Case 1: A\ = 0. Then y = Az + B. The Neumann conditions give y/'(z) = A, so
y'(0) = A=0and y(r) = A = 0 (same condition). Thus A = 0 and y = B (a nontrivial
constant solution). Hence \g = 0 with eigenfunction yo(x) = 1.

Case 2: A = p? > 0. General solution:
y = Acos(ux) + Bsin(px).

Differentiate:
y = —Apsin(uz) + Bucos(ux).

Apply /'(0) = 0:

Thus y = Acos(uz). Apply ¢/'(7) = 0:

y'(7) = —Apsin(ur) = 0.
For nontrivial A we need sin(um) = 0, hence

w=n, n=20,1,2,...
(we already handled n = 0 above). Therefore

A, =1, Yn(x) = cos(nz), m=0,1,2,...
The eigenfunctions are orthogonal on [0, 7] with weight 1:
/ cos(mx) cos(nx)de =0 (m #n).
0

81. Classify the second-order PDE:
Ugg + dUgy + Uy, =0

A. Elliptic

B. Hyperbolic
C. Parabolic

D. None of these
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Answer: (B)
Explanation:
A general second-order PDE in two variables is

Atgy + 2Bugy + Cuyy + -+ - =0,

where A=1,2B=4 — B =2, and C = 3.
The discriminant is

D=B>-AC=22-(1)3)=4-3=1>0.
If D > 0, the PDE is hyperbolic.
If D=0, it is parabolic.
If D <0, it is elliptic.
Here D =1 > 0, so the PDE is hyperbolic.
Correct option: (B)

Solve the first-order PDE using Lagrange’s method:

ou  Ou
a—x T a—y = 0.
A u=flzx+y)
B. u= f(z—y)
C. u= f(zy)
D. u= f(z/y)
Answer: (B)
Explanation:
The PDE is
Uy +uy = 0.

Using Lagrange’s method for first-order linear PDEs:

de _dy_du
1 1 0’
From de = dTy, we get
dy —dr =0 = y — x = constant.
From %“ = de, we get du = 0 along characteristics, so u is constant along the lines

1y — x = constant.

Hence, the general solution is

u=f(z—y)|

Correct option: (B)



83. Solve the first-order nonlinear PDE using Charpit’s method:

(a)” = (u,)* =1

A u= /2% —y>?
B. u= /22 +y>?
C.u=x—y
D.u=x+y
Answer: (A)
Explanation:
The PDE is

(2)” = (,)” = 1.

This is a first-order nonlinear PDE. Using Charpit’s method, we write the characteristic

system:
dr dy du | !
F, Fy  pF,+ak

where p = u,, ¢ = u, and F(z,y,u,p,q) =p*> —¢> — 1 =0.
Here, F, = 2p, F, = —2q, so the characteristic system simplifies to

de dy du B
2p  —2q 2p*—2¢>

Since p? — ¢* = 1, integrating gives

=2y +C = u=+/22—y2+C.

For simplicity, take C' = 0, we get

Correct option: (A)

84. Solve the homogeneous PDE using Lagrange’s method:

TUz + YUy = U

Au=z+y
B. u=u2y

C. u= f(y/z)x
D. u=z/y
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Answer: (C)
Explanation:
The PDE is
TUy + YUy = U.

Using Lagrange’s method, write the characteristic system:

de. dy du
r oy u
From the first two ratios:
d d
. — Y _ constant or {’:y
7 Y 75 75

From the first and third ratios:

d_x:@ —> Inu—Inz = constant = u/zx=0¢(&) = u==2xf(y/x).
x u

Hence, the general solution is:

u=zf(y/z)|

Correct option: (C)
Solve 1D heat equation with separation of variables:
Up = Upy, u(0,t) =u(L,t)=0, wu(z,0)=sin(3rz/L)

= 797t/ sin(3nz /L)

— 3™ t/L gin(3nz /L)

Q © »
£
—~~ —~
8
~ ~+~ @~
SN— SN— S~— S~—

u(z,t) = e "™ Lsin(3nz/L)
D. u(z,t) = sin(3wz/L)
Answer: (A)
Explanation:

For the 1D heat equation u; = u,, on 0 < x < L with Dirichlet boundary conditions
u(0,t) = u(L,t) = 0, the method of separation of variables gives solutions of the form:

up(z,t) = e~ (/L)% gin (n_zx) , n=123,...

Here, the initial condition is u(x,0) = sin(37wx/L), which corresponds to n = 3.

=€ 1n 3 T4t 12 37[

Hence, the correct option is (A).



86. Solve the wave equation with nonzero initial velocity:

Ug = CUgy, u(x,0) =0, u(z,0)=2x

A. u(r,t) = Zsin(ct)
B. u(z,t) = Zsin(7ct)
C. u(z,t) =& [T sds
D. u(z,t) = xt
Answer: (C)
Explanation:

For the 1D wave equation us;; = c*t,, on —oo < & < oo with initial conditions u(z,0) = 0
and u¢(x,0) = g(x), the solution is given by D’Alembert’s formula:

1 z+ct
u(z,t) = 2_0/ g(s)ds.

r—ct

Here, g(z) = x. Therefore, the solution is:

1 x+ct
u(z, tlpe 2—/ sds.

CJo—ct
This corresponds to Option (C).
87. Solve Laplace’s equation in a rectangular domain using separation of variables:
Ugr T Uy =0, O0<2z <], 0<y<l1

with boundary conditions u(0,y) = u(1,y) =0, u(z,0) = 0, u(z,1) = f(zx).
A u(x,y) = > 07 Ay sinh(nry) sin(nrz)

B. u(z,y) =7, A, cosh(nmy) cos(nmzx)
C. u(z,y) =", Ae™sin(nmx)
D. u(z,y) =>" Apysin(nrz)
Answer: (A)
Explanation:

Assume separation of variables u(z,y) = X (2)Y (y). Substituting into wu,, + uy, = 0
gives:

X'a) _ Y'(y) _
X@) ~ YW

For X (z) with boundary conditions X (0) = X (1) = 0, the eigenvalue problem is:

X"+ 2X =0 = X,(v) =sin(nrz), N, = (n7)%
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89.

Then Y,,(y) satisfies:

Y/ - \.Y, =0 = Y,(y) = A, sinh(nry) + B, cosh(nmy).

Using u(z,0) = 0 gives B,, = 0. Hence:

u(z,y) = Z A, sinh(nmy) sin(nnx),

n=1
where A,, are determined from u(z, 1) = f(x) using Fourier sine series.

Solve the 1D heat equation:

Up = Upp, O0<ax<1,t>0, u(0,t)=u(l,t)=0, wu(z,0)=sin(rx)

A. u(z,t) = e tsin(rx)
B. u(x,t) = e ™ cos(mz)
C. u(x,t) = e 'sin(nz)
D. u(z,t) = sin(rz)
Answer: (A)
Explanation:

Use separation of variables u(z,t) = X (z)T(t). Substituting into u; = u,, gives:

()  X"(x)

X@T'(0) = X070 = 75 = %0

= —X.

For X (z) with boundary conditions X (0) = X (1) = 0, the eigenvalue problem is:

X"+ 20X =0 = X,(v) =sin(n7z), N\, = (n7)%

The time part satisfies:

T (t) + A\Tn(t) =0 = Tp,(t) = e
Given initial condition u(x,0) = sin(mwz), only n = 1 is present:
u(z,t) = e ™ sin(rz).
Solve the wave equation:
Uy = gy, u(x,0) =sin(rz), w(r,0)=0 0<z<1

A. u(x,t) = sin(mz) cos(met)

B. wu(z,t) = sin(mz) sin(wct)



C. u(z,t) = cos(mz) cos(mct)
D. u(z,t) = cos(mx) sin(mwet)

Answer: (A)
Explanation:

The one-dimensional wave equation with initial and boundary conditions can be solved
using the method of separation of variables. Assume:

u(z,t) = X(x)T'(t).

Substitute into wuy = gy

1" 2~ T//(t> _ X”(SC) |
X@)T'(0) =X '@ = ey = Foy =~

For X (x) satisfying Dirichlet boundary conditions (0jxj1), the eigenvalue problem is:

X"+2X =0, X(0)=X(1)=0 = X,(v) =sin(nrz), I, = (n7)>

The time part satisfies:

T + AT, =0 = T,(t) = A, cos(nmet) + B, sin(nnct).

Given u(z,0) = sin(mz) and u(x,0) = 0, we get:

Thus the solution is:

u(x,t) = sin(mx) cos(wcet) |.

90. Solve the Cauchy problem for first-order PDE:

Uy +2u, =0, u(z,0) =

Q w o=
S
|
5
|
[\
=

D. u=(z+2y)?

Answer: (B)
Explanation:
For the PDE u, + 2u, = 0, the characteristic equations are:

dz _ dy _ du
1 2 0
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92.

From de = %y, we get the characteristic curves:
1
B = 5(1‘ — constant) = x — 2y = constant.
Along a characteristic, fTZ = (0 = u is constant on each characteristic:

u = f(constant) = f(z — 2y).

Using the initial condition u(x,0) = 22, we find f(z) = 2%

Hence, the solution is:

u=(x—2y)?|

The phase space trajectory of an otherwise free particle bouncing between two hard balls
elastically in one dimension is:

A. Straight line
B. Parabola
C. Rectangle
D. Circle

Answer: (C)

Explanation:

A free particle moves with constant momentum until it hits a boundary. At the walls,
the momentum instantaneously reverses sign due to elastic reflection. In phase space
(x—p diagram), the particle moves horizontally at constant momentum p until it reaches
a wall, then jumps vertically from +p to —p or vice versa. This produces a closed
rectangular trajectory between positions x; and x5 and momenta +p and —p.

A particle of unit mass moves along the x-axis under the influence of the potential:
V(z) = z(x — 2)%. The particle is in stable equilibrium at z = 2. The time period of
oscillation is:

A 7/2
B.«m
C. 37/2
D. 2m

Answer: (B)
Explanation:
For small oscillations about a stable equilibrium point zq, the time period is:

[ m
T =27 .
V7 (z0)
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Given:
m =1, V(z) = z(x — 2).

We compute derivatives:
V'(z) = (z — 2)* + 2z(z — 2),
V'(x) = 2(x — 2) + 2(x — 2) + 2z.

Atz = 2:
V"(2) =4.

Thus angular frequency:

w=/V"2) =2.

Hence time period:

27 21
= — = — = 9,

w 2

T

Two bodies of mass 2m and 3m are connected by a spring of constant k. The frequency
of the normal mode is:

A. /5k/6m

B. /3k/2m

C. VT

D. /2k/3m
Answer: (A)
Explanation:

For two masses m; = 2m and my = 3m connected by a spring, the reduced mass is:

mime  (2m)(3m) _ 6m

u:ml—i-mz_ 5m 57

Angular frequency of oscillation:

k k ok

Thus, the frequency of the normal mode is:

5k
6m’

The Lagrangian of a diatomic molecule is given by L = %(aﬁ + 22) — ﬁxlxg, where
m is the mass of each atom and x; and z, are the displacements of the atoms from
equilibrium. The normal frequencies are:



+(k/2m)/?
+(k/m)/?

+(k/4m)/?
D. 4(k/2m)'/4

Q w >

Answer: (c)
Explanation:

The given Lagrangian is:
m,.o .o k

4

This system has two degrees of freedom, and only a coupling term appears in the po-
tential, meaning that there is no direct restoring force acting independently on x; or x,.
The equations of motion are obtained using the Euler—Lagrange equation. The equations
of motion are:

mi’l = ——X9 mi'z = el
4= 4
To find the normal frequencies, assume oscillatory solutions:

T, = Ae™, z, = Be™".

Substituting these into the equations of motion gives:

k

—mw?A = —-B,
4
k

—mw?B = —-A.
mw 1

This leads to the matrix equation:

(% ) (3)-6)

For non-trivial solutions, the determinant must vanish:

(L) (5)(0)

Thus:
2 4 k? 0
m-w —E—
kQ
4
= =
« 16m?2
k
=W’ = —
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k
= w =24/ —.
w 4dm

Thus, the normal frequencies of the diatomic molecule described by the given Lagrangian
are:

—
v 4dm

Y

which corresponds to Option 3.
The Lagrangian for a simple pendulum is L = %mL292 — mgL(1 — cosf). The Poisson
bracket {6,0} is:

A1

B. 1/(mL?)

C. 1/m

D. g/L

Answer: (B)
Explanation:

Momentum conjugate to 6 is:

oL .
= — = mLQG
Po Y,

Thus,
Do

T mL?

The Poisson bracket:

: Po 1
0.6y = {025} = —{0.p0} =

mL?
Given the original Lagrangian Ly = 1mg?® — 3mw?q? is modified to L = Lo+ aqgqg. Which
is TRUE?

A. Both canonical momentum and equation of motion do not change

B. Canonical momentum changes, equation of motion does not change

C. Canonical momentum does not change, equation of motion changes

D. Both canonical momentum and equation of motion change

Answer: (B)
Explanation:
Canonical momentum:
oL )
p=—=— =mq+ oq
dq

which shows that the canonical momentum changes.



Equation of motion: Using the Euler-Lagrange equation,

d(oLy oL _
dt \ 9q dg
the additional terms involving « cancel out, yielding:

mg + mw?q =0,
which is the same as the equation of motion derived from the original L.
Thus, the canonical momentum changes, but the dynamics remain unchanged.

. Let (p,q) and (P, Q) be two pairs of canonical variables. The transformation is @ =
q® cos(fp), P = q*sin(fp). The transformation is canonical for:

Al a=2 g=1/2
B.a=2 =2
C.a=1, =1
D.a=1/2, =2

Answer: (D)
Explanation:

To determine whether a transformation is canonical, we check whether the Poisson
bracket {Q, P} = 1.

Given:
Q@ =q"cos(Bp), P =q"sin(Bp)

The Poisson bracket is defined as:

wn- () () () (5)

Compute the partial derivatives:

% = ag® " cos(Bp)
% = —fq" sin(Bp)
88—1; = ag” ' sin(fp)
%—J; = B¢ cos(Bp)

Substitute these into the Poisson bracket:

{Q, P} = aq® " cos(Bp) - Bq™ cos(Bp) — (—Bq* sin(Bp)) - g™ sin(Bp)



Factor out common terms:
{Q, P} = apfg®* " [cos*(Bp) + sin’(Bp)]
Since:
cos® f +sin® 6 = 1,

we obtain:

{Q. P} = aBg*™™

For the transformation to be canonical:
{Qv P} =1

Thus:

aﬁq&x—l =1

This must hold for all values of ¢, so the exponent of ¢ must vanish:

1
(07 « 5

Now apply the condition:
1

B =2

Therefore, the transformation is canonical only when:

Hence, the correct answer is Option d.

. The curve for which the area of the surface of revolution is minimum when revolved
about the z-axis is the solution of the equation:

A ay = \/m

B. \/Wy’ =a

C. Va2 — a2y =a

D. ay = Va2 —a?
Answer: (A)

Explanation:
When a curve is revolved about the x-axis, the surface area is given by the formula:

dy 2
S=2m | /14 |-==) dx
dx
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To find the curve for which this surface area is minimized, we apply the calculus of
variations. The functional to minimize is:

Jly] = /y,/1+ (j—z)de

The associated Euler-Lagrange equation is derived from:

or d (OF\ 0
oy dx \0y )
Here, F' = y4/1 + (%)2' Compute the partial derivatives:

or dy\ >
oy ”<%)

OF _ __va
@
i(a_F>_i e
de \oy' ) dx 1+(%)2

Setting up and simplifying the Euler-Lagrange equation leads to the differential equation
that the curve must satisfy. After solving, the solution is given by:

= JF=

The vibrational problem of extremizing the functional:

has:
A. a unique solution
B. exactly two solutions
C. infinitely many solutions
D. no solution
Answer: (C)
Explanation:

The Euler-Lagrange equation for this functional is:

d [ 9 9
— (a—y,(y’z—yQ)) —3—y(y’2—y2)=0 — 2y +2y=0 = " +y=0.



The general solution is
y(x) = Acosx + Bsinz.
Apply boundary conditions:
L.y0)=A=1 = A=1
2.y2m)=1=1-cos2r+ Bsin2r =1+0-B =1
Since the second condition is automatically satisfied for any B, B can be arbitrary.
Hence, the solution is

y(z) = cosz + Bsinxz, BeR.

Conclusion: There are infinitely many solutions depending on the arbitrary constant
B.

100. The Euler’s equation for the extremization of the functional:

dx

/2
@)= [ Coyrat a2 =T
0

1S:

A 2/ —y=0
B.y"—x2=0
C. % +y=0
D. 2" +y=0
Answer: (A)
Explanation:

The functional is

/2
Iz (t), y(1)] = /0 (a + o + 22y) dt.

The Euler-Lagrange equations for a functional of two functions x(¢) and y(t) are:
d (OF or 0 d (OF or 0
dt \ Ox' oxr  dt \ oy oy
Here, F' = 2% + y? + 2xy.
1. For xz(t):
OF OF

d
T oy, o — L) = 2"
ox s ox' v dt(x) v

Euler-Lagrange equation:

20" —2y=0 = 2" —y=0.



2. For y(t):

F F
5= =% = )=

Euler-Lagrange equation:

2y —2x=0 = ¢y —x=0.

Conclusion: The system of Euler-Lagrange equations is

/"

r—y=0

101. At a point on a surface, the principal curvatures are k; = 3 and k3 = 1. What is the
maximum normal curvature at that point?

A1l
B. 2
C. 3
D. 4

Answer: (C)

Explanation:

By Euler’s formula, the normal curvature in a direction making an angle 6 with the
principal direction of k; is

Kn(0) = K1 cos® 0 + ko sin® 6.

The maximum occurs when cos? = 1 (i.e., along the principal direction of &), giving

Kmax = K1 = 3.
Hence, the maximum normal curvature is 3.

102. At a non-umbilic point on a surface, Dupin’s indicatrix helps classify the local shape of
the surface. Which of the following correctly describes the type of indicatrix based on
the Gaussian curvature K7

A. K >0 : hyperbola, K <0 : ellipse
B. K =0 : pair of intersecting lines

C. K >0: ellipse, K <0 : hyperbola
D. K <0 : parabola



Answer: (C)
Explanation:
Dupin’s indicatrix is used to describe the local geometry near a non-umbilic point:

If K > 0 (elliptic point), the indicatrix is an ellipse.

If K <0 (hyperbolic point), the indicatrix is a hyperbola.

If K =0 (parabolic point), the indicatrix degenerates into a pair of lines.
Hence, the correct answer is (C).

103. Let u and v be two tangent vectors at a point on a smooth surface. These directions
are said to be conjugate if:

A I(u,u) =0

B. I(u,v) =0

C. (u,v) = 0 with respect to the first fundamental form
D. w and v are principal directions

Answer: (B)
Explanation:
In differential geometry, two tangent directions u and v at a point on a smooth surface

are called conjugate if the second fundamental form vanishes when evaluated on them,
that is, II(u, v) = 0.

The second fundamental form II measures how the surface bends in a given direction. If
I(u,v) = 0, then the normal curvature in the direction of any linear combination of u
and v can be expressed as a linear combination of the normal curvatures in the u and v
directions. This condition defines conjugate directions.

Hence, the correct choice is (B).
104. Let the surface be given as the graph z = f(z,y) = 2% + 3y?. The Gaussian curvature
K at the origin (0,0,0) equals:
A0
B. 6
C. 12
D. —12

Answer: (C)
Explanation:
For a Monge patch z = f(z,y), the Gaussian curvature is

fxzfyy — z2y
I+ f2+ 1%




Here f, =2z, f, = 6y, fux =2, fyy =6, foy, = 0. At the origin (0,0), f, = f, =0, so

2.6-0

- =12
(14 0)2

K(0,0) =

Hence, the correct answer is (C).
105. Which of the following surfaces can be developed onto a plane without stretching, i.e.,
are locally isometric to the plane?
A. Cylinder
B. Sphere
C. Torus
D. Paraboloid

Answer: (A)

Explanation:

Two surfaces are locally isometric if there exists a map between them that preserves
lengths along curves, equivalently preserving the first fundamental form.

A cylinder is a developable surface: it can be “unrolled” onto a plane without stretching.
The mapping (u,v) — (u, Rsin(v/R), Rcos(v/R)) (for radius R) preserves distances
along the surface, showing the local isometry.

Other surfaces, like the sphere, torus, or paraboloid, cannot be flattened onto a plane

without distortion of lengths. Therefore, the correct answer is (A).

106. Consider a surface of revolution obtained by rotating the curve y = f(x) about the
x-axis. The Gaussian curvature K at a point on the surface is given by:

f//
A K=———————
ST e
4 f//
S (R iOD:
f//
C K=—"———
T ar ey
_ f//f
(1+(f)?)?
Answer: (B)
Explanation:

For a surface of revolution generated by rotating y = f(x) about the z-axis, the first
fundamental form coefficients are:

E=1+(fY, F=0, G=f~

The second fundamental form coefficients are:



/" /
L=—3 __ M-—0 N=——Z

VI+ ()2

The Gaussian curvature is:

fl/ . f/
K LN-M* LN _ iGP /AGP f
~ EG-F* EG  (1+(fP)f? FO+ ()2

Hence, the Gaussian curvature at a point on the surface is

f//
fFA+ (12>

107. At a point on a smooth surface, the normal curvature in a direction making an angle ¢

with the principal direction corresponding to curvature x; is given by:

A. kn(0) = k1 cos? 6 + ko sin® 6§

B. kn(0) = k1 cosf + Ky sinf
C. Kn() = Kkysin® 6 + kg cos? O
D. k,(0) = k1 cos® @ + Ky sin® 6
Answer: (A)
Explanation:

Euler’s theorem states that for any direction at a point on a surface, the normal curvature
kn(0) is related to the principal curvatures k; and ko by

kin(0) = K1 cos? O + kg sin? 6,

where 6 is measured from the direction corresponding to x;. This formula expresses the
quadratic variation of normal curvature with direction. Hence, the correct choice is (A).

108. The nontrivial solution of the integral equation:

2(t) = A /0 " ou(s) ds

1S:

o aw >



Answer: (D)
Explanation:
Rewrite the integral equation:

Let ¢ = fol e*x(s)ds. Then

Substitute back into c:

1 1
c= / e’(Ace’)ds = /\c/ e*ds = \c
0 0

e — 1

For a nontrivial solution ¢ # 0, we require

2
e2—1"

)\:

Hence, the eigenfunction (nontrivial solution) is

Option (D) is correct.

109. Eigenvalues of the homogeneous Fredholm integral equation:

x(t) = )\/0 (1 —3ts)x(s)ds

are:
A 1,2
B. 2,-2
Cof2, —1
D. 1,-2

Answer: (B)

Explanation:

Assume x(t) = a + bt. Substitute into the integral equation:

(o) (53]

Equating coefficients gives the system:

A A
(1= Xa—3b=0, %a+(1+)\)b:().



Nontrivial solution exists if determinant vanishes:

1-X —

A
214

N[>

=0 = M=4 = X=2-2.

110. The solution of the homogeneous integral equation:

1
x(t) = )\/ tsx(s)ds, for A #0, is:
0

A 2
B. 1+
C.t
D. 1+t

Answer: (C)
Explanation:
The kernel is separable: K(t,s) =ts. Assume z(t) = t. Then

Thus,

Hence z(t) = t is an eigenfunction corresponding to A # 0.
111. Consider the linear programming problem:
Maximize Z =4x + 3y s.t. 2z +y <8, <3, y<4, z,y>0.

Find the optimal solution.

A4, W= (3,2), Z = 18

B. (z,y) =(2,4),Z =20
C. (z,y)=(3,1),Z=15
D. (z,y) =(0,4),Z = 12
Answer: (A)
Explanation:

The feasible region is determined by the constraints:

2e+y <8, x<3 y<4, x,y9>0.

The corner points of the feasible region are:

(0,0), (3,0), (3,2), (0,4).



Evaluate the objective function Z = 4x + 3y at each corner point:

Z(0,0)=4-0+3-0=0
Z(3,0)=4-343.0=12
7(3,2) =4-34+3-2=1246 =18
Z(0,4) =4-0+3-4 =12

The maximum value occurs at (z,y) = (3,2) with Z = 18.

112. A single-server queuing system has Poisson arrivals with A = 4 per hour and exponential
service with ;o = 6 per hour. Compute the average number of customers in the system.

A. 05
B. 2
C. 1
D. 1.5

Answer: (B)
Explanation:

For an M/M/1 queue, the average number of customers in the system is given by

P
©w—A
Here, A =4 and p = 6, so
4 4
L=——=-=2.
6—-4 2

113. Consider a deterministic inventory system with demand D = 120 units/month, ordering
cost Cy = 60, holding cost h = 3. Find EOQ.

A. 40
B. 60
C. 70
D. 100

Answer: (C)
Explanation:

The Economic Order Quantity (EOQ) formula is

2CyD

EOQ = Y



Here,
Co =60, D =120, h=3.

Substitute values:

2-60-120 14400
EOQ = \/ 3 = \/ 5 - V4800 ~ 69.28 ~ 70.

Thus, the EOQ is approximately 70 units.
114. A 2x2 zero-sum game has payoff matrix:
o
2 4
Find the value of the game.
A 2
B. 2.5
C. 3
D. 3.2

Answer: (B)
Explanation:
For a 2x2 zero-sum game with payoff matrix

-

the value of the game is

Here,

Compute numerator:
ad —bc=(3)(4) — (1)(2) =12—-2=10

Compute denominator:

a—b—c+d=3-1—-2+4=4

Hence,

So the value of the game is 2.5.



115. In a two-server queue with A = 10, u = 7, find traffic intensity.
A. 0.7
B. 0.71
C. 0.72
D. 0.75

Answer: (B)
Explanation:
Traffic intensity for an M /M /s queue is given by

A
pP=—
SH
Here, A =10, 4 =7, and s = 2 servers.
10 10
P=ox7 -1~

Rounded to two decimal places, the traffic intensity is 0.71.

116. Consider replacement problem: maintenance cost C(t) = 5 + ¢, replacement cost 40.
Find optimal replacement time.

A. 594
B. 8.94
C. 7.74
D. 8.24

Answer: (B)
Explanation:
Let the total cost over time ¢ be

t
TC(t) = replacement cost + maintenance cost = 40 + / (5+s)ds
0

Compute the integral:

t t2
/(5+s)ds:5t+—
0 2

So total cost:

2

t
TO(t) = 40+5t + 7

Average cost per unit time:



TC(t 40+ 5t +t2/2 40 t
AC(t): t(): : / :T+5+§

To minimize AC(t), take derivative w.r.t ¢ and set to zero:

%AC(t):—%—i—%:O — %:% — 2=80 — t=80~ 894
117. Solve NLM problem: Maximize f(z,y) = 2x + y subject to = + y = 6.
A. (6,0), f = 12
B. (4,2), f = 10
C. (3,3),f=9
D. (0,6), f =6
Answer: (A)
Explanation:

To solve the nonlinear programming problem using Lagrange multipliers, define the
Lagrangian:

L(z,y,\)=2c+y+ AN6—z—1y)

Take partial derivatives and set them to zero:

%:2—)\20 — A=2
ox
%:1—)\:0 — \A=1
dy

oL

azG—x—yzO — x+y=206

From the first two equations, there is no common A, which indicates the maximum occurs
at a boundary of the feasible region. The constraint = + y = 6 gives possible boundary
points: (6,0) and (0, 6).

Evaluate f(z,y) at these points:
£(6,0)=2-6+0=12

£(0,6) =2-0+6 =6

The maximum occurs at (z,y) = (6,0) with f = 12.



118. A system has 2 components in series, each with reliability 0.9. Find the system relia-
bility.
A. 0.81
B. 0.85
C. 0.9
D. 0.95
Answer: (A)

Explanation:

For components in series, system reliability is the product of individual reliabilities:
Rsystem = Rl X R2 =0.9 x0.9=0.81

Hence, the system reliability is 0.81.

119. Dynamic programming: Decision z; = 0, 1 cost C1(0) = 3, C1(1) = 2, x5 cost Cy(x1, 22) =
1 + 225. Minimum total cost?

A 2

B. 3

C. 4

D. 5
Answer: (B)
Explanation:

Consider the possible decisions for z; and xs:

If ;1 = 0, then C5(0,0) = 0, C5(0,1) = 2. Minimum is 0 at 3 = 0. Total cost:

If 1 = 1, then Cy(1,0) = 1, Cy(1,1) = 3. Minimum is 1 at 5 = 0. Total cost:
Ci(1)+minCy =2+1=3.

Minimum total cost among all options is 3.

120. Integer programming: Max Z =2z +3y s.t. x+y <4,z > 0, y > 0, integers. Optimal
solution?



Answer: (A)
Explanation:
List all feasible integer points satisfying x +y < 4 and x,y > 0:

(0,0), (0,1),(0,2),(0,3),(0,4), (1,0),(1,1),(1,2),(1,3), (2,0),(2,1),(2,2), (3,0),(3,1), (4,0)

Compute Z = 2x + 3y for each feasible point:

(0,4) = Z=0+12=12

(2,2) = Z=4+6=10

(3,1) = Z=6+3=9

(1,3) = Z=2+9=11 (also feasible)
The maximum value is Z = 12 at (x,y) = (0,4).

Hence, the optimal integer solution is (0,4) with Z = 12.
121. A fair coin is tossed twice. What is the probability of getting at most one head?
A.

B.

C.

W N =

o
—_

Answer: (C)
Explanation:
The sample space for two tosses is:

{HH,HT,TH,TT}.
The outcomes with at most one head are:
{HT,TH,TT},

which is 3 outcomes out of 4.

Thus,
3
P(at most one head) = 7

Hence, the correct answer is (C).



122. A disease has prevalence 1%. A diagnostic test has sensitivity 99% and specificity 95%.
If the test is positive, what is the posterior probability that the subject has the disease?

A. 0.01
B. 0.091
C. 0.167
D. 0.50

Answer: (C)

Explanation:

Let D denote the event that the subject has the disease, and T the event that the test
is positive.

We are given:
P(D) =0.01, P(D°) = 0.99,

P(T*|D) =0.99 (sensitivity),
P(T*|D°) = 1 — specificity = 1 — 0.95 = 0.05.

Using Bayes’ theorem:

P(T|D)P(D)
(T*|D)P(D) + P(T*|D*)P(D<)’

P(D|T" = >

Substitute the values:

3 0.99(0.01)
P(D|T") = 0.99(0.01) + 0.05(0.99)

Compute the numerator:
0.99 x 0.01 = 0.0099.

Compute the denominator:

0.0099 + 0.05 x 0.99 = 0.0099 + 0.0495 = 0.0594.

Thus,
_0.0099

P T = 0.0594

~ 0.1667.

Therefore, the posterior probability is approximately 0.167, corresponding to option (C).

123. Let a random variable X have PDF

Find the CDF F(z).
Az



B. x2
C. z3
D. 1—23

Answer: (C)

Explanation:

The cumulative distribution function (CDF) is obtained by integrating the PDF from
the lower limit up to x:

F(z) = / 3t? dt.
0

Evaluate the integral:
Thus, the CDF is

Hence, the correct answer is (C).
124. Let X ~ Binomial(n = 10,p = 0.3). What is E[X]?
A1l
B. 3
C. 7
D. 10

Answer: (B)
Explanation:
For a Binomial random variable X ~ Binomial(n, p), the expected value is

EX]|=n-p.

Here, n = 10 and p = 0.3, so

E[X]=10x 0.3 =3.

Therefore, the correct answer is (B).
125. Let the joint PDF of (X,Y") be
flzyy) =4zy, O0<zx<1l, 0<y<l.

Find the marginal density fx(x).
A 4z
B. 22



C. 4z(1 — z)
D. z(1 —x)

Answer: (B)

Explanation:

The marginal density of X is obtained by integrating the joint PDF over all possible
values of Y:

1 1
fx(aﬁ)zfo f(x,y)dyzfo day dy.

Since x is constant with respect to y:
! 1
fX(:L’):4w/ ydy:4x-§:2z, 0<z<l.
0

Thus, the correct marginal density is fx(x) = 2z, corresponding to option (B).

126. What is the characteristic function of a Poisson(\) random variable?

A. exp{\(e® — 1)}

B. e)\z‘t
C. (1=X)+ Ne'
1
D. —————
1—A(eft —1)
Answer: (A)
Explanation:

Let X ~ Poisson(A). By definition, the characteristic function is
ox(t) = B[] => ™ P(X =k).
k=0

The PMF of a Poisson random variable is
)\kz
A

P(X:k):(? H,

k=0,1,2,...

Substitute into the sum:

k=0 k=0

Recognizing the exponential series:

S ()\eityc _ et

Z ko e -

k=0

Therefore, ‘ ‘
¢X<t> _ e—)\ i 6)\6” _ 6)\(6“5_1).

Hence, the correct answer is (A).



127. Suppose p = 10 and Var(X) = 25. Use Chebyshev’s inequality to bound
P(|X — 10| > 10).

A1l

B. 0.5
C. 0.25
D. 0.10

Answer: (C)

Explanation:

Chebyshev’s inequality states that for any random variable X with finite mean p and
variance o2, and for any k > 0:

2

o
PX —p 2K < Ty
Here, u = 10, 02 = 25, and k = 10. Thus,
25 25
P(IX —-10>10) < — = — = 0.25.
( 0/ 2 10) = 102 100

Therefore, the upper bound is 0.25, corresponding to option (C).
128. Given points (1,1),(2,4), (3,9), find the least squares estimate of slope b in

Yy =a+ bx.

A 2
B. 3
C. 4
D. 5

Answer: (C)
Explanation:
For simple linear regression, the slope is estimated as

o S - D) -5)

Compute the means:

Compute the numerator:

D (@ =)y —9) = (1-2)(1 - 14/3) + (2 — 2)(4 — 14/3) + (3 - 2)(9 — 14/3)



= (=1)(=11/3) + 0+ (1)(13/3) = 11/3 + 13/3 = 24/3 = 8.
Compute the denominator:
D mi-zP=(1-2°+(2-2°+(3-2°=1+0+1=2

Thus,

Hence, the correct answer is (C).

129. Let X7, ..., X50 be i.i.d. with E[X;] = 2 and Var(X;) = 4. Approximate

50
P (Z X; > 110)
i=1
using the Central Limit Theorem.
A. 0.075
B. 0.1587
C. 0.2398

D. 0.3413

Answer: (C)
Explanation:
Let S =37 X;. Then

E[S] =50-2 =100, Var(S)=50-4=200, og=+/200~ 14.142.

By the Central Limit Theorem,

Standardize the probability:

S — 100 - 110 — 100
14.142 14.142

P(S > 110) = P ( ) = P(Z > 0.7071),

where Z ~ N(0,1).

From standard normal tables:

P(Z > 0.7071) ~ 0.2398.

Thus, the approximate probability is 0.2398, corresponding to option (C).



130. Let Xy,..., X, beiid. N(u,o?) with both y and 02 unknown. For testing Hy : 11 = po
vs Hy : pu # po, the likelihood ratio test (LRT) leads to which of the following rejection
rules at significance level a7

|X — Mol

o/v/n

B. Reject Hy if | X — uo| > ¢, where c is chosen so that P(|X — pg| > ¢) = «

A. Reject Hy if

> Z1_a/2 (using true o)

(implicit)
C. Reject Hy if M > tp—1,1—a/2, Where S? is sample variance.
S/\/n ’
X — )2
D. Reject HO if n(S—QluO) > szz,lfa
Answer: (C)
Explanation:

When both p and o2 are unknown, the likelihood ratio test (LRT) for testing

Hyo:p=ypo vs Hi:p# o

uses the t-statistic:

X — 1o

T=snm

where S? is the sample variance.

Under Hy, T ~ t,,_;. Hence, we reject Hy if

T > th—1,1-q/2-

2

This accounts for the fact that o° is unknown and must be estimated from the data,

making option (C) correct.



