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Part B
Mathematics

31. Consider the following congruences:

(1) =3 (mod4)
(2) z=11 (mod 8)
(3) =13 (mod 16)

Then:

A. (1) and (2) have a common solution, but (1) and (3) do not have a common
solution

B. All three congruences have a common solution

C. (1) and (3) have a common solution, but (2) and (3) do not have a common
solution

D. Any two of the congruences have a common solution

32. Let M = {(:c x) |z € R}. Consider the following statements:
r T

1. (M,-) is not a group
2. (M,-) is a group
3. (M,+,") is a commutative ring with unity
4. (M,+,-) is a field
Then
A. (1) is true
B. only (2) and (3) are true
C. only (2) and (4) are true
D. Each of (2), (3), and (4) is true

33. Which of the following groups is simple?
A. Klein four group
B. Icosahedral group
C. S;
D. Cyclic group of order 15
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34. Which of the following is true?

A.
B.
C.

D.

The ring of polynomials over a ring is an integral domain.
The ring of n x n-matrices over a field is an integral domain.

If in the ring M, (F) of n x n-matrices over a field F, A is a matrix such that
AB # 0 for every B(# 0) € M,(F), then A is invertible.

If in the ring of polynomials over a ring R we have a polynomial f(z) such
that f(«a) = 0 for every o € R, then f = 0 polynomial.

35. Let R[X] be the polynomial ring in one indeterminate over the field of real numbers.
Then in the quotient ring R[X]/(X® + 1), the number of maximal ideals is:

Al
B.

C.
D.

1
2
3
4

36. Let p be an odd prime number and Z[\/—p| = {a + b\/—p | a,b € Z C C}. Then the
ring Z[\/—p] is:

A.

B.
C.
D.

Not a Euclidean domain, but is a PID (Principal Ideal Domain)
Not a PID, but is an UFD

Neither Euclidean domain, nor a PID, but is an UFD

Not an UFD

37. The degree of the splitting field of the polynomial z* — 2 € Q[z] is:

A.
B.
C.
D.

3
6
)
4

38. Let T be a linear operator on a finite-dimensional vector space V' and let W be a subspace
of V. Then:

A.

B
C.
D

dmW =dimV =dim VW

. Every basis of V/W can be constituted with only elements of W

dimV > dim W + dim V/W

. WﬁVl[(/erT = T(W)
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39.

40.

41.

42.

43.

If the transformation 7" : R™ — R is defined by 7'(X) = X'AX, where A is any n x n

symmetric matrix, then 7(X +Y) is equal to:
A T(X)+2X'AY + T(Y)
B. TX +T(Y)
C.TX)+X'AY +T(Y)
D. T(X)+Y'AX +T(Y)

Which of the following numbers can be written as the sum of two squares?
A. 21

B. 25

C. 14

D. 22

((n+1)(n+2)...(n+n))/"

iR

A. Is equal to

Q[ 0

B. Is equal to
C. Is equal to e

D. Does not exist
Let f.(z) = % on [0,00). Consider the limit of (f,).
na

A. f, — 0 pointwise and uniformly on [0, co)

B. f. — 0 pointwise but not uniformly on [0, co0)
1

C. f, — — pointwise for x # 0
x

D. f, does not converge

Consider the sequence {a,}>°,, where

i = (3+5 (%)n (1) G ¥ (—1)"%)) |

Then the interval (liminf, . a,,limsup,,_,. a,) is given by

A. (=2,8)

o aw

P.T.O



44. Let h : [0,1] — R be defined by

Which of the following statements is true?
A. h is continuous everywhere
B. h is Riemann integrable and its integral is %
C. h is bounded but not Riemann integrable
D. h is unbounded
45. Suppose that A, B are two non-empty subsets of R and C = AN B. Which of the
following conditions imply that C' is empty?
A. A and B are open and C'is compact
B. A and B are open and C'is closed
C. A and B are both dense in R

D. A is open and B is compact

46. Which of the following functions on [0, 1] has unbounded variation?

A f(z)=2

B. f(z)= |z~ 1/3

C. f(z) =sin(mx)

D. f(z) => M

47. Which of the following functions is uniformly continuous on R?

A. f(z) = tan~'(x)

48. Let h : [0,1] — R be defined by

Then A is:
A. Riemann integrable with integral %

B. Riemann integrable with integral O
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C.
D.

Not Riemann integrable

Unbounded on [0, 1]

49. Find the directional derivative of

at the point (1,2) in the direction of the unit vector

O Q w >

50. Let

Then the
A.

B.
C.
D.

51. Let x:%

A.
B.

f(z,y) =2’y +

()

6
9
V2
6
V2
e
\/5
5n2 — 2
ap = —————.
10n2 + 7

sequence (ay,):

Diverges to +o00
Convergent but not Cauchy
Cauchy and convergent to %

Oscillatory and divergent
(-1+4v3), y = —1(1 +iv/3). Then:
4y =1

22— =1 —y.

52. Let f(z) =sinz, z € C. Then f(2):

o aw >

is bounded in the complex plane.
assumes all complex numbers.

assumes all complex numbers except 7.

assumes all complex numbers except 7 and —i.

11
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93

o4.

95.

56.

o7.

. Define f : C — {0} — C by f(2) = L. Then the power series expansion of f(z) about
z=11in the disc {z: |z — 1| < 1} is:

Al—-(G-1D+E-1)2-(z-13>+...
B.1+(z—-1)+(z=12+(2—-13+...
C.l—z+22-23+...
D. 1+2+22+28+. ..
For a complex number z, the inequality |z —i| < |z + 4] is:
A. never true.
B. always true.
C. true if and only if Im(z) > 0.
D. true if and only if Re(z) > 0.
Let f be an entire function such that |f(z)| > M for some M > 0. Then which one of
the following is true?

A. f is an identity map.

B. f(z) = 2%

C. f is a constant.

D. f(z) = 2%
The value of f|z\=1 S22 is:

A. 27

B. 0

C. 2w

D. —2m
If |e¢’| = 1 for a complex number z = z + iy, z,y € R, then which of the following is
true?

A. x = nr for some integer n
B. y = (2n 4 1)F for some integer n
C. y = nr for some integer n

D. x = (2n + 1)F for some integer n

12 P.T.O



58.

59.

60.

61.

62.

Let H= {z € C: Im(z) > 0} denote the upper half plane and let f : C — C be defined

by f(z) = e**. Which one of the following statements is true?
A. f(H) = C\{0}
B. f(H) NH is countable
C. f(H) is bounded
D. f(H) is a convex subset of C

How many roots does the polynomial 2% — 50230 4-402'° 4+ 62 4 1 have in the open disc

{zeC: |z <1}7
A. 100
B. 50
C. 30
D. 0
Let a,b € C and D be a disc in C, and f(z) = ae* + be * for all z € C. If f(z) =0 for
all z € D, then:
A.a=0and b=0
B.a=0and b=1
C.a=1landb=0
D.a=1landb=1

Let X = R with the usual topology. Consider the set
T={n+mn|nméeZ}.

Which of the following statements is TRUE?
A. T is uncountable and closed.
B. T is countable and dense in R.
C. T is finite.

D. T is connected.
Let T : /2> — 2 be the right shift operator defined by
T(l‘l,ZEQ, L3l ) = (O,ZEl,.TQ, ce )

Then the spectrum o(7T") of T is:
A. {0}
B. {zeC:|z| <1}
C. {1}
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63.

64.

65.

66.

67.

D. 0

Let f: R — R be defined by f(z) = z*. Then f is:
A. Continuous but not differentiable
B. Differentiable but not continuous
C. Both continuous and differentiable
D.

Neither continuous nor differentiable

Let X = R with the usual topology, and let
S=QnJo,1].

Which of the following statements is TRUE?
A. S is connected.
B. S is compact.
C. Sis dense in [0, 1].
D. S is closed.
Let X be an uncountable set equipped with the co-countable topology: a subset U C X
is open if X \ U is countable or empty. Which of the following statements is TRUE?
A. X is Hausdorft (73).
B. X is 77 but not Hausdor{l.
C. Every subset of X is compact.
D. No singleton in X is closed.

Let x = (3,4) in R? and u = (1,2). Find the orthogonal projection of x onto w.

Let T : X — Y be a bounded linear operator between Banach spaces and assume 7’ is
surjective. Which of the following statements is TRUE?

A. T is compact.

B. T! exists and is bounded.
C. T is self-adjoint.

D. T is unitary.
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68. Let T : L?([0,27]) — L?*([0,27]) be the operator defined by

(Tf)(z) = e f(z).
Then T is:
A. Self-adjoint
B. Unitary

C. Compact
D. Nilpotent

69. Let T : X — X be a bounded linear operator on a Banach space X. Which of the
following is always TRUE?

A. T is invertible.
B. T is continuous.
C. T is compact.
D. T is self-adjoint.

70. Let X = [0,2] C R with the usual topology, and let
S=1[0,1)U(1,2].

Which of the following statements is TRUE?
A. S is connected.
B. S is compact.
C. S is both open and closed in X.

D. S is neither open nor closed in X.

71. The solution of the differential equation
y' — 2xy =y’

1S:

A —% + ce‘”’ﬂ
B 1 —12:| !
—5 +ce
1 z2 -1
C D) + ce ]
1 22 2
D —5 +ce ]
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72. The orthogonal trajectories of the parabola 6ay* = (x — 3), where a is a variable param-
eter, is given by the equation:

A (2432 4+y*=¢2
B. (a:—?))z—i-%:cQ
C. @+y2:c2

D. (z—3)2%—y*=¢2

73. Consider the differential equations:

2% + (sinx)y =0 ... (1)

2%y + (sinz)y =0 ... (2)

Then z = 0 is the:
A. Singular point of both equations (1) and (2).
B. Ordinary point of both equations (1) and (2).

C. Ordinary point of the equation (1) and regular singular point of the equation
(2).
D. Regular singular point of the equation (1) and irregular singular point of the
equation (2).
74. Let ¢1, ¢y be two linearly independent solutions of the equation y” + as(z)y = 0. Then
the Wronskian of ¢; and ¢ at any point in the interval I:
A. is zero for all x.
B. is constant for all z.
C. is a linear function of x.
D. is a quadratic polynomial in z.
75. The set of linearly independent solutions of the differential equation: fi%’ — % =0 is:
A {1,z e e "}
B. {1,z,e* ze "}
C. {1,z,e % ze "}
D. {1,z,e7" ze®}
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76. The Picard iteration (first step) for

y =1,
gives:
A yi(z) =2
B. y(z)=2+z
C.y(z)=2
D. yi(z) =2+ 2%/2

77. Use one step of RK4 with h = 0.1 for

to approximate y(0.1). The value is:
A5
B. 5.1
C. 49
D. 0

78. For the boundary value problem:

y' = f(=),
the Green’s function G(z, &) is:
G(z,§) = x§
G(z,8) = v<(1 - 25)
G(z,§) = ( ) sin(€)
G(z,§) =

y(0) =2
y(0) =5
y(0) = y(1) =0,

79. The solution of the initial value problem using Euler’s method with step size h = 0.1 for

after one step is:
A. 0.01
B. 0.1
C. 0.05
D. 0.001

17
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80. Consider the boundary value problem

d?y

—@:)\y, O<zx<m

subject to Neumann boundary conditions

81. Classify the second-order PDE:
Ugg + dUgy + 3ty =0

Elliptic
Hyperbolic

Q w >

Parabolic

D. None of these

82. Solve the first-order PDE using Lagrange’s method:

ou  Ou
%nta—y:o.
A u=f(r+y)
B. u=f(z —y)
C. u= f(zy)
D. u= f(z/y)

83. Solve the first-order nonlinear PDE using Charpit’s method:

(a)* = (u,)* =1

o Qw @
£
I
HI\D
+
Q:l\)
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84. Solve the homogeneous PDE using Lagrange’s method:

TUz + YUy = U

Alu=z+y
B. u=u=y
C.u= f(y/z)z
D.u=uz/y

85. Solve 1D heat equation with separation of variables:

Up = Upy, u(0,t) =u(L,t)=0, wu(z,0)=sin(3rz/L)

A. u(z,t) = e YL sin(3mrz/L)
B. u(x,t) = e 3 sin(3mwz/L)
C. u(x,t) = e /L sin(3rx/L)
D. u(z,t) = sin(3wz/L)

86. Solve the wave equation with nonzero initial velocity:

Ug = CUgz, u(x,0)=0, u(z,0)=2x

A. u(z,t) = Zsin(ct)
B. u(z,t) = Zsin(rct)
C. u(z,t) =& [ sd
D. u(z,t) =zt

87. Solve Laplace’s equation in a rectangular domain using separation of variables:
Uge T Uy =0, O0<z <], 0<y<1

with boundary conditions u(0,y) = u(1,y) =0, u(z,0) =0, u(z,1) = f(x).
A u(z,y) => 00 Ay sinh(nmy) sin(nrz)

B. u(z,y) =7, A, cosh(nmy) cos(nmz)
C. u(z,y) =", Ae"sin(nrz)
D. u(z,y) =>" Apysin(nrz)

88. Solve the 1D heat equation:

Up = Uze, O0<az<1, t>0, u0,t)=u(l,t)=0, wu(z,0)=sin(rz)

A. u(z,t) = e tsin(rx)

B. u(x,t) = e ™ cos(mx)
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C. u(z
D. u(x

Jt)=e"

,t) = sin(mx)

sin(mx)

89. Solve the wave equation:

Ut = U,
A. u(z,t) = sin(mz) cos(met)
B. u(x,t) = sin(nx) sin(wct)
C. u(x,t) = cos(mx) cos(mct)
D. u(z,t) = cos(mz) sin(mwct)

u(z,0) = sin(nx),

u(z,0) =0, 0<z<l

90. Solve the Cauchy problem for first-order PDE:

gy 3= ety
A y= g2
B. :(x 2y)?
C.u=(z+y)?
D. u=(z+2y)?

=0, u(z,0)=2?

91. The phase space trajectory of an otherwise free particle bouncing between two hard balls

elastically in one dimension is:
A. Straight line
B. Parabola
C. Rectangle
D. Circle

92. A particle of unit mass moves along the x-axis under the influence of the potential:

V(z) = z(x — 2)2
oscillation is:

A 7w/2
B. w
C. 37/2
D. 27
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93.

94.

95.

96.

97.

Two bodies of mass 2m and 3m are connected by a spring of constant k. The frequency
of the normal mode is:

A. /5k/
B. \/3k/2
C.
D

1953

2k/3

The Lagrangian of a diatomic molecule is given by L = %(aﬁ + 22) — %xlxg, where
m is the mass of each atom and x; and x5 are the displacements of the atoms from
equilibrium. The normal frequencies are:

A +
B.
C. +
D.
The Lagrangian for a simple pendulum is L = ImI20? — mgL(1 — cos6). The Poisson
bracket {6,0} is:
A.
B. 1/(mL?)

C. 1/m
D. g/L

—_

Given the original Lagrangian Ly = %mq2 — %mw2q2 is modified to L = Lo+ aqq. Which
is TRUE?

A. Both canonical momentum and equation of motion do not change
B. Canonical momentum changes, equation of motion does not change
C. Canonical momentum does not change, equation of motion changes
D. Both canonical momentum and equation of motion change

Let (p,q) and (P, Q) be two pairs of canonical variables. The transformation is Q) =
q® cos(fBp), P = q*sin(Bp). The transformation is canonical for:

Al a=2 g=1/2
B.a=2 =2
C.a=1, =1
D.a=1/2, =2
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98. The curve for which the area of the surface of revolution is minimum when revolved
about the z-axis is the solution of the equation:

A ay = m
B. Vy?—d*/ =a
C. Va2 — a2y =a
D. ay = Va2 —a?

99. The vibrational problem of extremizing the functional:

IMWZAQW—ﬁM7M®ﬁ4M%FL

has:
A. a unique solution
B. exactly two solutions
C. infinitely many solutions

D. no solution
100. The Euler’s equation for the extremization of the functional:

dx

/2
M) = [ @oy+ o+ 2=,

1S:

A 2 —y=0
B.y"—x=0
C. %ﬂ/:o
D.z"4+y=0

101. At a point on a surface, the principal curvatures are k; = 3 and kK, = 1. What is the
maximum normal curvature at that point?

A.

1
B. 2
C. 3
D. 4
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102. At a non-umbilic point on a surface, Dupin’s indicatrix helps classify the local shape of
the surface. Which of the following correctly describes the type of indicatrix based on
the Gaussian curvature K7

A. K >0 : hyperbola, K <0 : ellipse
B. K =0 : pair of intersecting lines
C. K >0: ellipse, K <0 : hyperbola
D. K <0 : parabola
103. Let v and v be two tangent vectors at a point on a smooth surface. These directions
are said to be conjugate if:
A I(u,u) =0
B. I(u,v) =0
C. (u,v) = 0 with respect to the first fundamental form
D. w and v are principal directions
104. Let the surface be given as the graph z = f(z,y) = #? + 3y*. The Gaussian curvature
K at the origin (0,0,0) equals:
A O
B. 6
C. 12
D. —12
105. Which of the following surfaces can be developed onto a plane without stretching, i.e.,
are locally isometric to the plane?
A. Cylinder
B. Sphere
C. Torus
D. Paraboloid

106. Consider a surface of revolution obtained by rotating the curve y = f(x) about the
z-axis. The Gaussian curvature K at a point on the surface is given by:

B.K:m
R
D.K:ﬁ
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107. At a point on a smooth surface, the normal curvature in a direction making an angle ¢
with the principal direction corresponding to curvature x; is given by:

A. k,(0) = Ky cos? 0 + kysin® 6
B. kn(0) = k1 cosf + Kkosinf
C. kn(0)

D. k,(0)

18in% 6 + Ky cos? 0

=K
= Ky cos® 0 + Ky sin® 0

108. The nontrivial solution of the integral equation:

z(t) = )\/1 ez (s) ds
0
1s:
At
B. ¢?
C. e
D. e

109. Eigenvalues of the homogeneous Fredholm integral equation:

x(t) = /\/O (1 —3ts)x(s)ds

are:
A 1,2
B. 2,-2
C.2,—1
D. 1,-2

110. The solution of the homogeneous integral equation:

1
x(t) = )\/ tsx(s)ds, for A #0, is:
0

A 2
B. 1+t
C.t
D. 1+t

111. Consider the linear programming problem:
Maximize Z =4x + 3y s.t. 2z +y <8, <3, y<4, z,y>0.

Find the optimal solution.
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A. (z,y) =(3,2),Z =18
B. (z,y) =(2,4),Z =20
C. (z,y) =(3,1),Z=15
D. (z,y) =(0,4),Z = 12

112. A single-server queuing system has Poisson arrivals with A = 4 per hour and exponential
service with ;4 = 6 per hour. Compute the average number of customers in the system.

A. 0.5

B. 2

C. 1

D. 1.5

113. Consider a deterministic inventory system with demand D = 120 units/month, ordering
cost Cy = 60, holding cost h = 3. Find EOQ.

A. 40

B. 60

C. 70

D. 100

114. A 2x2 zero-sum game has payoff matrix:

31
2 4
Find the value of the game.
A 2
B. 2.5

oF 5
D. 3.2

115. In a two-server queue with A = 10, u = 7, find traffic intensity.
A. 0.7

B. 0.71

C. 0.72

D. 0.75
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116. Consider replacement problem: maintenance cost C(t) = 5 + ¢, replacement cost 40.
Find optimal replacement time.

A 594
B. 8.94
C. 7.7
D. 8.24

117. Solve NLM problem: Maximize f(x,y) = 2z + y subject to z + y = 6.

A. (6,0), f =12
B. (4,2),f =10
C. (3,3), f =
D. (0,6), f =

118. A system has 2 components in series, each with reliability 0.9. Find the system relia-
bility.
A. 0.81
B. 0.85
C. 0.9
D. 0.95

119. Dynamic programming: Decision z; = 0, 1 cost C1(0) = 3, C1(1) = 2, x5 cost Cy(x1, 22) =
1 + 229. Minimum total cost?

A2
B. 3
C. 4
D. 5

120. Integer programming: Max Z = 2x+3y s.t. v+y <4,z > 0, y > 0, integers. Optimal
solution?
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121. A fair coin is tossed twice. What is the probability of getting at most one head?

1
A -
4
1
B. -
2
3
C. -
4
D. 1

122. A disease has prevalence 1%. A diagnostic test has sensitivity 99% and specificity 95%.
If the test is positive, what is the posterior probability that the subject has the disease?

A. 0.01
B. 0.091
C. 0.167
D. 0.50

123. Let a random variable X have PDF

Find the CDF F(z).
A x
B. z?
C. 23
D. 1—2°
124. Let X ~ Binomial(n = 10,p = 0.3). What is E[X]?
A1l
B#3
C. 7
D. 10
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125. Let the joint PDF of (X,Y) be
flzyy) =4zy, O0<zx<1l, 0<y<l.

Find the marginal density fx(x).

A 4z

B. 2z

C. 4z(1 — )
D. z(1 —x)

126. What is the characteristic function of a Poisson()) random variable?

A. exp{A\(e" — 1)}

B. e)\it
C. (1= )+ Aeit
1
D. ——
1—A(ett —1)

127. Suppose p = 10 and Var(X) = 25. Use Chebyshev’s inequality to bound
P(1X — 10| > 10).

Al

B. 0.5
C. 0.25
D. 0.10

128. Given points (1,1),(2,4), (3,9), find the least squares estimate of slope b in

y =a+ bx.

o aw >
Gl W
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129. Let Xi,..., X5 be i.i.d. with E[X;] = 2 and Var(X;) = 4. Approximate

50
P (Z X; > 110)
=1

using the Central Limit Theorem.
A. 0.075
B. 0.1587
C. 0.2398
D. 0.3413

130. Let X,..., X, beiid. N(u,o?) with both y and 0 unknown. For testing Hy : 11 = po
vs Hy : pu # po, the likelihood ratio test (LRT) leads to which of the following rejection
rules at significance level a?

| X — 1o

a/vn

B. Reject Hy if |X — uo| > ¢, where c is chosen so that P(|X — ug| > ¢) = «
(implicit)

A. Reject Hy if

> Z1_a/2 (using true o)

’X—Mo|
S/v/n

X . 2
D. Reject Hy if ”(5—2"0) Y R

C. Reject Hy if

> tp—1,1-a/2, Where S? is sample variance.
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