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CHAPTER
Preliminary Mathematical Tools

Fach problem that I solved became a rule which served afterwards to solve other problems.

— René Descartes

& Learning Outcomes

his chapter revises the essential foundation needed to begin Calculus and Analytical Geometry
topics confidently. After completing this chapter, you will be able to:

* Explain the meaning of the derivative using the limit definition and interpret it as the rate
of change of a function

* Recall and use standard derivative formulae for algebraic, exponential, logarithmic, trigono-
metric, inverse trigonometric, and hyperbolic functions

* Recall the concept of indefinite and definite integrals, use the Fundamental Theorem of
Calculus, and evaluate basic integrals using standard forms, substitution, and integration
by parts

* Define Beta and Gamma functions, state key identities, and evaluate standard integrals

* Convert between Cartesian and polar coordinates and use basic polar relations required for
later topics in polar curves and conics
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% Professor Academy Chapter 1. Preliminary Mathematical Tools

1.1 Preliminary Essentials for Differential Calculus

oy . . ( R\
A¥ Definition 1.1.1 (Derivative) If y = f(x), Standard Derivative Formulae
then the derivative of y with respect to x is
Basic Functions Chain Rule Form
dy Ay e+ An) - f() (u = £(2))
—= = lim — = lim ,
dr  Az—0Ax  Az—0 Ax
d (,T) — T d (Lu) — Lu,/
provided the limit exists. a(e) = e 4 (€*) = e'u
d%(a””) = a*Ina (a > d%(a“) =a"Ina-u
# Notation The derivative of y = f(z) is also 0,a #1)
denoted by ,
Lnz)=1 L(nu) =% (u>0)
d / .
%f(w)v Df(x), f'(x), Dy, 9. 4 (log, z) = —L— 4 (log, u) = -
Higher derivatives are written as %(sin T) = cosx %(sin u) = cosu - u/
2
Y = d y’ y(n) _ dny‘ 4 (cosz) = —sinz 4 (cosu) = —sinu -
dz? dz™
4 (tanz) = sec’ z 4 (tanw) = sec® u - v/
( ) 4 (cotx) =—csc’ 4 (cotu) = —csc®u -/
Rules of Differentiation dz y dz B
If u = u(z) and v = v(z) are differentiable with L 4
J-(secx) =secxtanz |i-(secu) = secu tanu-u’
,  du , dv
u = — and v = —, then
dx dx d%(csc x)= — cscx cot x %(CSC u)=— cscu cot u-u’
Rule Name Formula Here, u is a function of x and u' = ‘;—Z.
. . d _
Linearity wutv) =u £ Inverse Trigonometric Derivatives
(Sum/Difference)
) E Function Derivative
Constant Multiple | = (cu) = cu’
d (=1 1
L (sin~ 'z
Product Rule L (wv) = u'v + uv’ iz ) =
d =1 1
’ ’ —-—(COS X
Quotient Rule % (%) = Lo (v#0) s ( ) 1—z2
d =il 1
——(tan™ " x —3
Chain Rule | (9(2)) = /'(9(2))g/ @) i i
N % L (cot™! z) —Tlxz
(" N
Useful Special Derivatives %(sec_l ) . 9312_1
Basic Rul Special F _
asic Rules pecial Forms 4 (csc1 z) — 3:12_1
& J
=()=0 () =1
(@) = na" =(V2) =5~
£)=-% £()=—% wr0)
& J
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Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools
N (
Hyperbolic Function Derivatives Useful Trigonometric Identities
Function Derivative Pythagorean Identi- | Double Angle Iden-
ties tities
4 (sinh z) coshz
sin?z 4 cos?z =1 sin 2x = 2sin x cos
4 (coshz) sinh
1+tan®z =sec’x cos 2z = cos® x —sin’ x
4L (tanh z) sech?z
14 cot?z =csc?x cos2x =1 —2sin’x
4 (cothz) —csch’z
S 2 —1
L ) cos2x = 2cos“ x
&
B Results (Logarithmic Differentiation): If

y > 0, then
dy d
dr y%(ln y).
In particular,
@
dx
and for y =u" (with u > 0),

!
u’ (vu + lnu) .
U

AP Definition 1.1.2 (Implicit Function) Let
F(z,y) be a real-valued function defined on an open
set in R2.

(%) =2"(Inx + 1),

dy _
dr

If the relation F'(x,y) = 0 determines y as a func-
tion of x in some neighbourhood of a point (xg, yo),
then y is said to be implicitly defined as a function
of x by the equation F(z,y) = 0.

Implicit Differentiation: If F(x,y) = 0 de-
fines y implicitly as a function of x, then differenti-

ate both sides w.r.t. x treating y = y(x), and solve
dy

f .
or -

B} Results (Parametric Derivatives):
x=uz(t) andy = y(t), then

If

dy
dy  qt (dw )
dv dx dt 70),
dt
and
by _d(dy) jin
dz?  dt \dx dt’

[# Example 1.1.1 Find di(:r‘r’ sinx).
5

@ Solution Let

Then

A )

’U/:%

(2°) = 52*, v = I

d
Using the product rule d—(uv) =u'v 4w,
x

dx

o d
[# Example 1.1.2 Find d—(m2 Inx).
x

@ Solution Let

2

u=x°, v=Inx.

Then

d
u = %(xQ) = 2z, v =

Using the product rule,

d
. (z?Inz)

Simplify:

%(.13211133) =2zlnz+ .

[#' Example 1.1.3 Find di(ln(sin x)).
x

@ Solution Let

y = In(sinx).

— (sinz) = cos .

5 . .
(z°sinz) = 52t sina + 2° cos .

1
=dvv+uw =2zlnz+2?- =

T

https:/ /professoracademy.com/




Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools

Use the chain rule for In u:

d u’
—(1 = —.
dx(nu) u

Here u = sinz, so v’ = cosz. Hence,

dy  cosw

dr  sinz’
Therefore,

d .
e (In(sinz)) = cot .

N d /si
[# Example 1.1.4 Find —(Smx).
dz \ =z

@ Solution Let

sinx

T
Here v = sinz and v = . Then

u = cosz, v =1.

Using the quotient rule

d (u) w'v —uv'
dr \v v2

we get

dy _ (cosz)(z) — (sinx)(1)
dx x2 ’

Hence,

- 2

d (Sinx> rcosx —sinx

T x

[# Example 1.1.5 Find di(\/a?ex)
i

@ Solution Write /z = 2'/2. Let

yle/Qex.
Let
u=z/? v=e"
Then
d 1 1 d
R Vo N e Y r_ & ey
b d:r(glj ) 2% Qﬁ’v dx(e) ¢

Using the product rule,

Factor out e”:

. d [z2+1
(¢ Example 1.1.6 Find — vt .
de \ 22 -1

@ Solution Let

2t 41
o2 -1
Take
u=a>+1, v=2a%—-1.
Then
d d
u = %(xQ—&—l) = 2z, v = %(xQ— 1) = 2.

Using the quotient rule,

dy _u'v—w' 2z(z% — 1) — (22 + 1)2x
de 02 v (z2 —1)2

Factor 2z in the numerator:

dy 2z [(@® — 1) — (#2 +1)]
dz (22 —1)2 '

Simplify the bracket:
(22 =1) = (22 +1) = -2

Hence,

dr — (22-1)2 (22 -1)2

dy  2z(-2) —4x

[# Example 1.1.7 Find % (tan_1<13§2)>.

@ Solution Let

2x
= tan~! =
y =tan " (u), U= T2
Then
dy
dr 14+ u2’

Now compute v’ using the quotient rule. Take
U ==, p=2z, g=1—2%

Then

Hence,

oy Pa—pd 21 —a?) - (22)(-22)
q2 (1 _ 1,2)2

Simplify the numerator:

2(1 — 2?) + 4% = 2 + 22% = 2(1 + 2?).

https:/ /professoracademy.com/




Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools

So
;21427
T =)

Next compute 1 + u?:

1—|—u2:1+(

2x 2 14 472
1—z2) (1 —22)2

R e
(1 —22)2

Expand (1 — 22)? + 42%:

(1—222 +2%) +42% =14 222 + 2% = (1 + 22)°.

Thus,
1 +.’I]2)2
|42 FT)S
L
Therefore,
2(1+2%) 2)
dy (1—a2)2 2142?02
de — (1+2%)?  (1+a%)? 1422
(1 —22)2

[# Example 1.1.8 Find %(w”")
@ Solution Let
y=a" (x> 0).
Take natural logarithm:
Iny =1In(2") = zlnx.
Differentiate both sides with respect to a:

1dy d

i —(zlnz).

Now use the product rule on zIn x:

d
—(zlnz)=1-lnz+x-

. =lnz+ 1.
Hence,
;ZZ hz+1 = % =y(lnx+1).
Substitute y = x*:
d
£(mw) =z"(lnz +1).

[#" Example 1.1.9 If x = cost and y = sint, find
dy
%.

@ Solution Given parametric equations
T = cost, y = sint.

Compute derivatives with respect to t:

d—x*fsint @*cost
dat ’ dat ’
Then
dy
dy gt _ cost
de dx T —gint cott.
dt
d*y
[# Example 1.1.10 If 22 + ¢y = a2, find ey
T

@ Solution Differentiate implicitly:

d 2 2\ __ d 2
So A J
Y Y T
20 + 22 = hg——
T+ ydx 0 = e y

d
Differentiate <4 = — £ again:
dx Y

Py__d (=
de2  dx \y /)’

Use quotient rule with u =z, v = y:

dy
d ey vty
dz \y y2 :
Hence,
Ly
@ = _y dx
dx? Y2
Substitute —2 = — =
Y

2 2 2
+x
y+= ="
Y Y
Therefore,
22 4 o2
Py oy 2y
dz2 2 I

https:/ /professoracademy.com/




Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools

Using 22 + y? = a?,

dx?

AP Definition 1.1.3 (Partial Derivatives) If
u = f(x,y), then the first order partial derivatives

are
ou

ou
% - f:Ea

?y:fyv

where v is dependent and x,y are independent vari-
ables.

BF Definition 1.1.4 (Higher Order Partial
Derivatives)

_2f
0%’

of
oy’

o
Ox Oy’

0% f

facac = 8y8x

fyy = f:vy: fym

9 Theorem 1.1.1 (Clairaut’s Theorem (Mixed
Partials)): If fuy and fy. are continuous in a
region, then

f:}cy = fy:r~

# Notation Also commonly used:

u oo
_8y7 I$_8$27

w 0%u
G Y0 oy’

© Theorem 1.1.2 (Total Differential): If
u= f(x,y) is differentiable, then the total differen-
tial is

du = f,dx + f,dy.

Small Change Approximation: For small Ax, Ay,

Aur fo Az + fy Ay.

9 Theorem 1.1.3 (Chain Rule (Parametric

Form)): Ifu = f(z,y) where x = z(t) and
y =y(t), then

du dx dy

P fma + fya-

9 Theorem 1.1.4 (Chain Rule (Two Param-
eters)): Ifu = f(x,y) where v = x(r,s) and
y =y(r,s), then

ou

_, Ox oy ou (‘9& @
ar ey Thge and 5o = fegg T gy

BF Definition 1.1.5 (Homogeneous Function)
A function f(z,y) is homogeneous of degree n if

f(tz, ty) = t"f(x,y), for all £ > 0.

9 Theorem 1.1.5 (Euler’s Theorem on Homo-
geneous Functions): If f(z,y) is homogeneous
of degree n, then

zfr +yfy =nf(z,y).

[#° Example 1.1.11 If u = x93 + e, find u, and
Uy.

@ Solution Treat y as constant for ug:

9 (22 4

Ox 3¢

ox

Uy =

0
=2y + ™ - —(xy) = 229> + ye*v.
ox
Treat x as constant for Uy:

0

)
zy
9 (e™)

223) + 2
(z%y”) oy

Uy:

0
= 322y? 4 % . a—(my) = 322y? + ze™,
Y

[#" Example 1.1.12 If u = In(z? +y?), find u, and
Uy

@ Solution Let u = Inv where v = 22 + y2. Then

1 0v 1 (20) 2x
Up = —— = —(/—— = —
Twor a2 . 22 +y?’
10v 1 2y
= ___ = ) = .
Uy ,Uay x2+y2( y) l‘2+y2

[# Example 1.1.13 If u

Ugyy Uyy, Ugy-

23y + Pz, find

https:/ /professoracademy.com/

10



Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools

@ Solution First derivatives:
Uy = 32y + 1, Uy = z3 + 3y’

Second derivatives:

Uy = %(3x2y+y3) = 62y, uyy = gy(m3+3y2x) = 6y,
Uy = 2(ugﬁ) = —(32%y +y°) = 32° + 3y°.
Y oy dy

[# Example 1.1.14 If u = f(z,y) = 2% + 22y + 92,
find du.

@ Solution
Uy = 2x + 2y, Uy = 2x + 2y.
Hence

du = uy de + uy dy = (22 + 2y) de + (22 + 2y) dy.

4 Example 1.1.15 If u = x2y where = = t2 and
d
y = e, find u

dt”
@ Solution First,
Uy = 22y, Uy = z2.
Also,
dx dy
— =2t — =
dt ’ dt
By chain rule,
du dx dy
o Tl Tuy = (2xy)(2t) + 2% (e").
Substitute x = 2, y = et
du 2\t N2 b _ 443t At _ 43t
dt—4t(t)(e)+(t)e—4te+t =te' (4+1).

BF Definition 1.1.6 (Critical Point) A point
(a,b) is a critical point of f(z,y) if

fz(a,b) =0 and fy(a,b) =0.

9 Theorem 1.1.6 (Second Derivative Test
(Two Variables)): Let (a,b) be a critical point

If D > 0 and fyz(a,b) > 0, f has a local
minimum at (a,b).

If D > 0 and fy.(a,b) < 0, f has a local
mazximum at (a,b).

If D <0, (a,b) is a saddle point.

If D =0, the test is inconclusive.

@ Remark 1.1.1 (Necessary Condition) At
a local maximum/minimum (interior point), it is
necessary that

f= =0, and f, = 0.

[#" Example 1.1.16 Find the nature of (0,0) for
flz,y) = 2% +°.
@ Solution

fa

2z, f, =2y = (0,0) is a critical point.

fma::27 fyy:27 fzy:()
~D=2.2-0=4>0, for >0.

Hence (0,0) is a local minimum.

[#" Example 1.1.17 Find and classify the critical
points of f(x,y) = 22 + y? — 22 — 4y.
@ Solution
Jo =222,
Set fy = fy, =0«
2z -2=0=>2=1, 2y—4=0=y=2.
So (1,2) is the critical point. Now
Jox =2, fyy =2, [foy=0
=D=4>0, fo>0.

Hence (1,2) is a local minimum.

[#° Example 1.1.18 Show that (0,0) is a saddle
point for f(x,y) = 22 — y%.

and @ Solution
D = fur(a,b) fyy(a,b) — (foy(a, b))’ fo=22, f,=—2y= (0,0)is critical.
11
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Pﬁ Professor Academy

Chapter 1. Preliminary Mathematical Tools

Hence (0,0) is a saddle point.

9 Theorem 1.1.7 (Lagrange Multiplier

Method): To find extrema of f(z,y) subject to
g(z,y) =0, solve

Vf=AVy, g(z,y) = 0.

That is,

Jz = A, fy = Mgy, g(z,y) = 0.

@ Remark 1.1.2 (When to Use) Use La-
grange multipliers when there is a constraint equa-
tion (circle, line, parabola, etc.) and you must
mazximize/minimize f(x,y) on that curve.

[#" Example 1.1.19 Maximize f = 2 + y subject
to 22 + 9% =1.
@ Solution Let g =224+ 32 —1=0.

faa = 17 fy = 1;

Equations:

gz = 2%, gy = 2y.

1= X(22), 1=X2y) = ax=uy.
Using constraint x2 + y? = 1:

2x2:1:>x:y:

-

Maximum value:

fmax:x"’_y: N \/5

Sl
Sl

= Example 1.1.20 Find the minimum of f =
22 + y? subject to x +y = 1.
@ Solution Constraint: g =z +y —1=0.

fo =2z, f, =2y; 9o =1, g, =1

So

20 = A, 2uy=A=>z=y.

Using = + y = 1 gives
2 1= !
€r = €r = = —,
Y73

Minimum value:

2 2
1 1 1
=2 2_ (= — = —

9 Theorem 1.1.8 (Tangent and Normal to

y=f(x)): At P(z1,11) ony= f(x),
L dy
Cdr|p—y,
Tangent:

y—y1 =m(z—mz1).
Normal (if m #0):

1
Yy—y = *E(CU - $1)~

9 Theorem 1.1.9 (Angle Between Two
Curves): If slopes at intersection are mi,ma,
then the angle 0 between tangents is

mo —my
Tan =

1+ mimse

[#" Example 1.1.21 Find the equation of the tan-
gent and normal to y = 2% at = = 1.

@ Solution Given y = z2. First, compute the slope:

dy
— = 2z.
dx *
At x =1,
m=2(1) =2, =12 =1.
Tangent:
y—1=2@z-1)= y=2z—1.
1 1
Normal slope = —— = ——. Hence normal:
m 2

1
y—1 —§(x—1) = 2y—2=—(z—1)=2+2y—3=0.

S 1
[# Example 1.1.22 Find the tangent to y = — at
x
the point (1,1).
@ Solution

Ly

dzx

At 2 =1, the slope is m = —1. Tangent at (1,1):

y—1l=-1l(z—-1)=y=—x+2.

https:/ /professoracademy.com/
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Chapter 1. Preliminary Mathematical Tools

4 Example 1.1.23 Find the angle between the Hence
curves y = x2 and y = 2z at their point of intersec- 6 = tan~1(2).
tion.
@ Solution Intersection points: Atz =2

2 _ _9) — — 2-4 2

=2 =z —2)=0=1=02 m1:47m2:2:>tan9:‘1+8’:9.
Slopes: For y = 2%, m; = 2x. For y = 2z, my = 2. At
z=0: Hence
2-0 /(2
m1=07m2=2:>tan0=‘1+0‘:2. 0 = tan 1<9)

1.2 Preliminary Essentials for Integral Calculus

. e e -
!l Deﬁm.tlon 1.2.1 (Ar.ltld.ern.fatlve) A .fl'mc— 2. Exponential Integrals
tion F'(x) is called an antiderivative (or primitive)
of f(x) on an interval if [ e da 1pes | ¢

P(a) = f(a). :
[ a® dx £=4+C (a>0,a#1)
AP Definition 1.2.2 (Indefinite Integral) If [ e®dax e +C
F'(z) = f(z), then L
/f(x) de = F(z)+ C. -
3. Logarithmic Integrals
AP Definition 1.2.3 (Definite Integral) If f is [ Inzdz zlnz—z+C
integrable on [a, b], then s(nz — 1)
[log, z dz ————+cC

[ s@yar = tim 3 sie) A

where & be any value of x in the partial intervals.

-
4. Trigonometric Integrals
O Theorem 1.2.1 (Fundamental Theorem of ] y L -
Calculus ): If F'(z) = f(z) on [a,b], then el —a cos(ez) +
b .
/ flz)de = F(b) — Fla). [ cos(az) dz Lsin(az) + C
a
[ tanx dz —1In|cosz|+ C
(" N
1. Basic Algebraic Integrals [ cot z dz In|sinz|+ C
xn+1
I 5™ g n+1+C (n # —1) [ sec® zdx tanx + C
[ Ldx In|z|+C [esc?xda —cotz +C
az + b)" 1
J(az +b)" dx M+C [ secz tanz dx secx + C
[ ==z llnjaz +b|+C [ escxcot z du —cscz+C
& J S
13
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Chapter 1. Preliminary Mathematical Tools

[ 5. Inverse Trigonometric Forms
i ﬁ dx sin~'z+C
i ﬁ dx an~tz+C
fﬁdm Ltan™! (2) +C
f \/ﬁ dx sin™?! (f) +C

-
6. Hyperbolic Integrals
[ sinhz dx coshz + C
J coshz dx sinhz + C
fﬁdw Injz++vVz2+1|+C

p
7. Useful Special Forms

ff(”” dx In|f(x)]|+C
ff/ e.f z)dx 6f(w) + C
f1+f:c) dx tan=1(f(z)) +C
i %f(—da: sin~1(f(zx))= C

N

("

8. Reduction Type Forms

2 d f_stx c
[ sin® z dx . 1
2 0 d z sin 2x c
[ cos? xdx > i +
-
p

9. Important Identities Used in Integration

sin®x =

2

1 — cos2x

1+ cos2x

2
cos” T =
2

1+ tan?z = sec? x

1+ cot?x = csc?x

&

- (EZXED S

* Always remember power rule and f%d:z: sepa-
rately.

* Most problems are direct substitution forms.

x Inverse frigonometric integrals are frequently
asked.

* Memorize special derivative-integral pairs.

* Many questions fest recognition of %/ form.

N J

[#' Example 1.2.1 Evaluate

6
/ (4933 —— 4 7> dx.
T
@ Solution

/41’3 dr = 2%, /—9 dx = —61n |z,
x

Hence,

/7d1: =Tx.

/<4x3—g+7> dr = 2% —6ln|z| + 72 + C.

[#' Example 1.2.2 Evaluate
dx
9+ 2%

1
@ Solution Here a = 3. Using /ﬁdx =
a+x

1
ftanfl(f) +C,
a a
/ du —lta
9+22 3

& Results (Substitution and Parts):

flg(x)g' () dz = [ f(u)du, (u=g(x))
/ /
/udv:uv—/vdu.

2z

[#' Example 1.2.3 Evaluate / — 5 dx.
1+

@ Solution Choose
u=1+42?= du=2zdz.
Then

2 1
/idz:/fdu:ln|u|+0:1n(1+x2)+0.
1422 U

https:/ /professoracademy.com/
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Chapter 1. Preliminary Mathematical Tools

2
[#° Example 1.2.4 Evaluate / (32% — 4z + 1) da.
0
@ Solution First find an antiderivative:
/(3962—4x—|—1)dm=x3—2m2+m+C.
Now apply limits:
2 2
/ (32% —4a + 1) dx = [;v3 — 2%
0 0
Compute at z = 2:

23 —2(2%)4+2=8-8+2=2.

Compute at = 0:

Hence

2
/ (32% —4x + 1) dx = 2.
0

[#" Example 1.2.5 Evaluate /xlnxdaz.

@ Solution Use integration by parts: choose

2

1
u=Inz = du=—dr, dvzwdmévz%.
x

Then
2 2
/xlnmdmzuv—/vdu:x—lnx—/x--ldx.
2 2% 7
Simplify:
x? 1 x? 1 z?
—Elnx—g/mdm—glnm—i-g—i—a
Hence 2 )
/xlnzdx:%lnx—%JrC.

Cartesian—Polar Conversion

Geometric Interpretation: Let P(z,y) be a
point in the plane.

distance from origin to P

o 0

angle made with positive z-axis

e Base =z

e Perpendicular = y
From trigonometric ratios:

cosf = = x=rcosl

sinf = = y=rsind

S 3R

Using Pythagoras’ theorem:

r = /22 + y?

tan = L
T
Yy
Pla,y)
r 'y
0 |
¥ T
T

* 7 is radial distance from origin.
* 6 is measured anticlockwise from positive x-axis.

* Always check quadrant while finding 6.

[#° Example 1.2.6 Convert the point (v/3,1) into
polar coordinates.

@ Solution
r=va2+y2 =1/ (V3)2+12=V3+1=2.
tanf = £ = 1 =" (first quadrant)
Tz V3 6 d ’
Hence, the polar coordinates are
T
o) = (2.%)-
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CHAPTER
Differential Calculus

Mathematics is the queen of sciences, and number theory is the queen of mathematics.

— Qarl Friedrich Gauss

& Learning Outcomes

his chapter develops the key ideas of Differential Calculus required for Unit I1. After completing
this chapter, you will be able to:

x Understand the meaning of higher order derivatives and the concept of the n'® derivative

* Use standard notation for higher derivatives and apply trigonometric transformations in
differentiation

* State and apply Leibnitz theorem to evaluate higher order derivatives of product functions
* Distinguish between explicit and implicit functions and differentiate implicit functions
* Work with functions of two variables and compute first and higher order partial derivatives

* Identify critical points and determine maxima and minima of functions of two variables
using necessary and sufficient conditions

* Apply the method of Lagrange multipliers to find extrema of functions subject to constraints

* Find equations of tangents and normals in Cartesian coordinates and compute related
angles

* Determine the angle between the radius vector and the tangent, and find the slope of the
tangent to a polar curve

* Compute the radius of curvature in Cartesian, parametric, and polar forms, and determine
centres of curvature and evolutes

* Analyze asymptotes of algebraic curves using general methods, inspection, and intersection
of curves with their asymptotes

N\ J

https:/ /professoracademy.com/ 17




LEARNER TESTIMONIALS

Abiramasundari
PG Assistant Maths Govt HSS Tirumangalam - Mayiladuthurai

‘Qibor Bub emusCGemn@ GBS L eetin a6 GHenssafier anjsens ecitenest PG TRB-ufed Qeupm) ewim
maugsg seueafler Spsrab, @ProfessorAcademy-uflsir Spipwnerr LulHAWID GeoeossTAWINET eTeiTenesT R6HTM)
Sips: SpAflewwiwins wmhrlujeteng). efiLmpwibhdl SmHSTed agiajb FnsSuGLD!

Hemapriya K
GHSS - Alavakottai, Sivagangai District Maths TRB Achiever

mESSTE0LWITED CHTEEALDLIES eTersS, SiHSL LIMLGmEGW 66ir Lieowns mhplés aaEn@sss Professor
Academy. Sifanemeo 4 wewfl erw&d, Faculty smi9gseo, and Coordinators-eir Gom iGeuageir! Seirm)
fleusmiens IaILLLD, JpeoansGsmen,. GHSS-6 waisameo Spdflwpmslt LewfLfléCmedr!

Thentamil
TRB Mathematics

“10 SpeiT® BewLauefl, GELULD 6ereutll Lieo Feumeodeit! Syevrmeo Professor Academy - @eir Formula Sheets
LHMID epeppuwines SmLILSL wpeppwimed UG TRB sewfllgs Gaiefled \eueiim Setm) Sips: SpdAfienwiwimeeiis GLedr.
siLnpwpAud sfiwner afsT GSQID SMmEBSTEO WNITQID STH6E PRWb! Bt HSTLLS!L

Venkatesh. S
TRB Mathematics

“20 auEBLLD Ligl116d ewLeuerl! BTG LGS5H5m aBaEECa FwnudGeeir. Syenmed Professor Academy
- @61 (pempInet ST BGSalD, Sevraifl 4 wewllCrr LubHAWD Seirmy ereiTemen Aips: SpANwTTSSuleiTong).
QLG BB SHDLUIEOED eTeiTLINS [BebLlISgIefllCLeir. sfwiner aNST . BGESNSS NSTLINGS HeTml”

Nanthini S
TRB Mathematics | State 2nd Rank(First Attempt)

‘SlemLisiuliesr Appbs SpdAflwisend Sensfl wrHfls CsiasErED 66 OaDNEGS STERISET. SHIQETLDITE
SaNEGHeTLD eaflmwns elersdw g aaTEG HLNGMEMWS SHSSH. SOLUSHET DhsralD
SisnLslulier 2 mifwinest LuHAWID CFiBF| eTstTement MBeo laTefled 2-a15 SLESDGS O\&MEIB O\FTDS!.”

Jeyakarthika

PG Assistant - Palani Ammal Municipal Girls HR.Sec.School, Tirupur

1e3f W55 7 B sefleo TRB SinefiliL]! emsuled snesD daL Geveons [Beneouled, Sewreul HMID LSHS
sficLmfisir GuEMEIGaNE sSemipraiBGersir. @ProfessorAcademy-uflsir erefiw LUAHEA PEOOWITED APFHED
PwhHAuICCW Retim Dips: SpdAfleww! sflmepwiHe SdHHESTEL (WPFHEO WWHAGCW QaubiumGLb!




Pﬁ Professor Academy

Chapter 2. Differential Calculus

2.1 Introduction

The study of calculus provides a unified frame-
work for understanding change, shape, and accu-
mulation. Beginning with differentiation, we learn
how quantities vary, how curves behave locally, and
how geometric properties such as tangents, nor-
mals, curvature, and extrema arise from algebraic
expressions.

As the theory develops, successive and partial
differentiation extend these ideas to higher orders
and multiple variables, allowing us to analyze com-
plex systems involving motion, optimization, and
constrained extrema. These concepts naturally lead
to applications such as the maxima and minima
of functions of two variables, the Lagrange multi-
plier method, and curvature analysis in Cartesian,
parametric, and polar forms.

If y = f(x), then

dy / d2y " dny (n)
%—f@)aﬁ f(m)aw—f (x)
If u= f(z,y), then
Ju  Ou  Pu  Pu 0%u
ox’ Oy 0x?" Oy?’ 0Oz dy

describe variations with respect to multiple vari-
ables.

Historical Context

The foundations of calculus were laid in the seven-
teenth century by Isaac Newton and Gottfried Wil-
helm Leibniz, who independently developed meth-
ods to study motion, rates of change, and geometric
problems. Their ideas of differentiation and integra-
tion were motivated by physical questions involving
velocity, acceleration, and areas under curves.

During the eighteenth and nineteenth centuries,
mathematicians such as FEuler, Lagrange, and
Cauchy refined these concepts and introduced sys-
tematic notation and rigorous methods. This period
saw the development of higher-order derivatives, im-
plicit differentiation, partial differentiation, and the
calculus of variations.

Why Study These Topics?

This syllabus equips you with the mathematical
tools required to analyze real-world phenomena in-
volving change, optimization, geometry, and accu-
mulation. Differential calculus explains how systems
evolve locally.

The study of partial derivatives and constrained
optimization is fundamental in economics, engineer-
ing, and the physical sciences. Curvature, evolutes,
and envelopes describe the intrinsic geometry of
curves, while polar methods offer elegant solutions
to problems involving symmetry and rotation.

Together, these topics form a coherent and pow-
erful framework essential for advanced studies in
mathematics, physics, engineering, and applied sci-
ences.

What This Chapter Covers

This book is designed to guide you systematically
through the core topics of Differential Calculus pre-
scribed in the syllabus. Beginning with higher-order
derivatives and trigonometric transformations, it
builds a strong foundation for understanding suc-
cessive differentiation, Leibnitz’s theorem, implicit
functions, and partial differentiation.

The text then develops the theory and applica-
tions of maxima and minima of functions of two
variables, including constrained optimization using
Lagrange’s multiplier method. Geometrical aspects
such as tangents, normals, angles related to curves,
radius of curvature in Cartesian, parametric, and
polar forms, centres of curvature, evolutes, and
envelopes are treated in a clear and progressive
manner.

Finally, the book also covers asymptotes of al-
gebraic curves in detail, including methods of de-
termination, asymptotes by inspection, and the
intersection of curves with their asymptotes.

Throughout, the emphasis is not only on com-
putational techniques but also on conceptual un-
derstanding, logical structure, and exam-oriented
problem-solving, enabling you to grasp both the
methods and the reasoning behind each topic.

_’_
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Chapter 2. Differential Calculus

2.2 The nt* Derivative

AP Definition 2.2.1 If y = f(z) is a differentiable

function, then its derivative — is, in general, also a

function of x. If this new function is differentiable,
its derivative is called the second derivative of y.
The derivative of the second derivative is called the
third derivative, and this process may be continued
to obtain the n'* derivative of y.

[#° Example 2.2.1 (Successive Differentiation)
If y = 42°, then

dy
dx

d (dy\ 3

T
d(d(dy\\ .

dx
® Remark 2.2.1 Fach differentiation reduces the
power of x by one and multiplies the coefficient
accordingly.

= 20z?,

Notation of Successive Derivatives

d(dy\ Py

| — = — = D

dx <dm) dz? %
i dn—ly P dny 7
do\dzn—1 ) = dzn - 7 Y

If y = f(x), the successive derivatives are also
denoted by

(@), f'(x),..., f" (=),
ylay”a .. -ay(n)a
Y1, 925+ -5 Yn-

@® Remark 2.2.2 For certain functions, a gen-
eral expression involving n may be found for the n*
derivative. The usual plan is to find a number of
successive derivatives, as many as necessary, dis-
cover their law of formation, and then by induction
write down the n' derivative.

[#" Example 2.2.2 If y = €*, then find n'" deriva-
mn

. d"y
ive —=.
dz™
@ Solution
dy d2y 2
%:ae‘”, Tz =0 e,
Hence
dny _ n_azx
dx"m - €

® Remark 2.2.3 Ezponential functions reproduce
themselves under differentiation, scaled by powers

of a.
Standard Results
1. If y = (ax + b)™, then
y1 = ma(ax +b)™ 1,
y2 = m(m — 1)a*(azx + b)™ 2,

y3 = m(m — 1)(m — 2)a®(azx + b)™ 3.

In general,

In particular,

I D™(ax—b)"" = (=1)"nla"(ax+b)"" 1.

2. If y = log(az + b) then

y1 = alax + b)*l,

dnfl 1
Yn = am 7(az +b)
=a(—1)""Y(n - 1Dla" Y az +b)"".

= (D)"Y n—1)la"(az +b)"".
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Chapter 2. Differential Calculus

Trigonometric and Exponential Forms

3. If y = sin(ax + b), then
(T
y1 = acos(azx +b) = asm<2 +ax + b> .

Thus, the effect of a differentiation is to multiply
. b
by a and increase the angle by 5

2
Yo :aQCos(g+ax+b> :QQSin(27T+a:z:+b>.

3
Y3 = a?’sin(27T +ax+b> .

In general,

I D"sin(ax+b) = a” sin(éﬂ +azx + b) :

4. Similarly

I D" cos(azx+b) = a” cos(n; + az + b) :

Corollaries: Putting a =1 and b = 0,

D"(sinz) = sin<n27T + x) )

nm

D"(cosz) = cos(2 + a:) .
5. If y = e* sin(bx + ¢), then
y1 = e*beos(bxr + ¢) + ae®* sin(bz + ¢).
Putting a = r cos ¢ and b = rsin ¢, we have
y1 = re*sin(bx + ¢+ ¢).

Thus, the effect of a differentiation is to multiply
by r and increase the angle by ¢. Similarly

Yo = r2e" sin(bx + ¢ + 2¢), ...

In general,

D™{e* sin(bx + ¢)} = r"e* sin(bx+c+ng),

where
2, 32\1/2 (b
r = (a® +b%) and ¢ = tan =)

Similarly,

I D"{e* cos(bx + ¢)} = r"e®” cos(br+c+ng),

where r and ¢ have the same meanings as before.

@® Remark 2.2.4 Fractional expressions of the

f(z)

)

¢(z)

nal, can be differentiated n times by splitting them
into partial fractions.

form both functions being algebraic and ratio-

[#' Example 2.2.3 (Partial Fraction) Find ¥,
where

3
@+ )2z —1)

y:

@ Solution Resolving into partial fractions, we obtain

\ § 1
V=% 1 z+1
C2(=1)m2ml (=1)mn!
" (2r -1t (x4 1)ntl

4 2+l 1
(7! { 2z — 1"t (@4 1)t

b

[#" Example 2.2.4 Find y, if y = a®.

@ Solution

y=a
Rewrite a” in exponential form:

zloga

y=e
Differentiating once,

zloga

y1 = (loga)e
Differentiating again,

Yo = (log a)Qemloga
Differentiating third time,

ys = (log CL)3ewloga

Continuing this process, we observe the pattern:

net loga

yn = (log a)

= (loga)"a”.
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Chapter 2. Differential Calculus

[#" Example 2.2.5 Find y,, when

72

x—1)2%(x+2)

Y

@ Solution Let
x? A B C

C-12@+2) -1 (@-12 z+2

+

Then we easily find that

a=2, ,
9 3
YT 917 3@ 12 " 9z+2

Hence

Al(-D" (4 DI 4 (~1)"n!
9

5
I S e 312 9@t

5 n+1 4 }

— (71)”71! {9(1‘ — 1)n+1 + 3(33 — 1)n+2 + 9($ T 2)n+1

[#" Example 2.2.6 Find y,, when

1

y:x2+a2

@ Solution

IR 1
Y= %ui |z —ai x+ail’

= (=)t [( 1 { f ]

2ai —ai)" (2 + ai)nt!

Trigonometrical transformation

It is possible to break up products of powers of sines
and cosines into a sum by trigonometrical methods.

4 Example 2.2.7 Find the n't differential coeffi-
cient of
CcoS ¥ - coS 2x - cos 3x.

@ Solution

1
COS T cOS 2x cos 3z = 5 cos 2x(cos 4x + cos 2x)

1 1 9
= 3 cos 2x cos 4 + 5 cos” 2x

1 1
= Z(cos2x + cosbx) + Z(l + cos 4r)

1 1
=-+ Z(cos 2x + cos 4z + cos 6x).

4
1
. D"(cosx cos 2z cos 3x) = 1{2” cos(% + 295)
+4" cos(% + 4x) +6" cos(% + 6m)}

= Example 2.2.8 Find the n't differential coeffi-
cient of
cos® Osin” 6.

@ Solution Let z = cosf + isin 6; then
1
— =cosf —isinf.
x
1 1
r+ — = 2cosb,; r— — = 2isiné.
x x
Also, by De Moivre’s Theorem, we have
1
2" = cosnf + isinnb; — = cosnb — isinnb,
xn
so that

1N 1
2" + — =2cosnf and 2" — — = 2isinnb.
YAl xn

We have
1\ °
2% cos® 0 = (x + )
T
and
N7
27i7sin” 6 = (x — )
T
Hence

Hence, we have
—2M ¢os® Bsin” @ = sin 120 — 2sin 100 — 4 sin 86

+10sin 66 + 5 sin 460 — 20 sin 26.

1
D"™(cos® @sin” §) = —om { 12" sin(% + 129)

—10”23111(15 n 109) - 8“4@(% + 89)
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Chapter 2. Differential Calculus

+6"10sin("7” + 69) + 4"5sm(%7T + 49)

_9m90 sm(%7r i 29) }

[#" Example 2.2.9 Find y, if y = sin 3z cos z.

@ Solution

y =sin3x cosx

1
= i(sin 4z + sin 2x)

1
LY =5 [4” sin (4x+ n%) + 2" sin (2x+ n%)} .

[#" Example 2.2.10 Find vy, if

1 <2x+3)
=lo .
y & 3r + 2

@ Solution

2 3
y = log (3ii2> = log(2z + 3) — log(3z + 2)

Differentiating once,

d [log(3z + 2)]

T

d [log(2z + 3)]

Y1 = -
T

2 A 3
T2 +3 342

Differentiating again,

92 32
(22 + 3)2 * (3z +2)2

Y2 =
Differentiating third time,

23 .91 33.9!
BT 2z +38  (Bat2)?

(1)L (n — 1)12"
(22 + 3)" a

(1) (n —1)13"
(3z 4 2)

L Yn =

. on 3"
— -V Gy T Ger o)

‘= Exercise 2.2.1 (n'*® Derivative)

1. Find the n'" derivative of y = e*.
2. Find the n' derivative of y = (az + b)™.
3. Find the n'" derivative of y = log(az + b).
4. Find the n™ derivative of y = sin(azx + b).
5. Find the n'" derivative of y = cos(az + b).
6. Find the n'" derivative of y = e sin(bz + c).
7. Find the ' derivative of
1
Vs e

8. Find the n'® derivative of

3
r+1)(2z—1)

T

@ Answer

n_ axr

(1) yn =a"e
(2) yn=m(m —1)--
(3) yn=(-1)""(n—

= a”sin<n77T +ax+b)

(m—=n+1)a"(ax+b)" "

Dla™(ax +b)7"

—
>~
N2
<
3
|

(5) yn =a” cos(T%7T +ax + b)

(6) D™{e**sin(bz +¢)} = r"esin(br + ¢ + ng),
where r = Va2 + b? and ¢ = tan’l(%)

(—1)"n! [ 1 1 }

2ai (x —ai)"*t1 (z + ai)"+?

n gntl 1
(8) yn = (-1)"n! { (22 — 1)n+1 - (z + 1)+ }
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Chapter 2. Differential Calculus

s Practice Questions
1. If y = sin(ax + b), then D™y equals
(a) a"sin(ax + b)
(b) a™sin (am +b+ n27r>

(c) sin<n27T + :U>
(d) asin(ax +b+ g)

2. If y = cos(ax + b), then D™y equals
(a) a"cos(ax + b)

(b) a cos(aac—i—b—i— n27r>

(c) a™sin (am +b+ 7127r>

(d) cos(rgr + 33)

3. If y = e™sin(bxr +¢) and r = Va? + b2, ¢ =

tan~! (2), then D™y is
(a) r"e* sin(bx + ¢ + no)
(b) a™e* sin(bx + ¢)
(c) b"e* cos(bx + c)
(d) r™e* cos(bx + ¢ + ne)
4. For y = 1 , the expression for D"y is
ar +b
(a) (=1)"nla"™(azx +b)~ "1
(b) (=1)"Y(n —1)la"(ax +b)™"

)
)

(c) nl(ax +b)""
) (=D)™(n — Dla™ (ax + b))~

5. If y = log(ax + b), then D™y equals
(a) (=1)"(n—1)la"(ax +b)~"

(b) (=1)""Y(n —1)la"(ax +b)™"

) (=) nla(az +b)™"

) (n—Dla"(ax +b)™"

6. If y = (ax +b)™ (m € R), then D"y equals

(a) m™a™(ax 4+ b)"™"

(b) m(m—1)---(m —n+ 1)a"(ax + b)) "
(¢c) m(m—1)---(m—n+1)(ax+b)""
(d) m(m+1)---(m+n-1)a"(ax +b)™ "

7.

10.

11.

Ify =

3
then D" 1
CESIC ) en D™y equals

2t 1
(&) (=1)"n! { 2z — 1) (2 + 1)n+1}
(b) (=1t { ] }
(22 — 1)nt1 (x4 1)nHl
n 2t 1
(C) (_1) (TL - 1)! { (21. o 1)n - (.’L‘ + 1)n}

" 2" 1
(d) (=1)"n! { (2¢ — 1)1 (z+ l)n}

= —5—, then D"y involves
x

. If f(z) = e {sinbx + cosbz}, then the n'h

derivative D" f(z) is equal to

nm
a) r"e*® sin (bx + —)

(0 ;

(b) r™e™ cos (bx + %)

(c) V2rmes® sm(bx—k %)
)

(d) V2rmes cos(b:cqt%)

a2 cos(bx + ¢) with r = Va2 + b2 and
b

¢ =tan~! (), the correct form of D™y is
a

(a) r"e*® cos(bx + ¢ + ne)
(b) r"e* sin(bx + ¢ + ne)
(c) a"e™ cos(bx + ¢)
(d) b"e™ cos(bx + ¢)

S
-

oy S
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Chapter 2. Differential Calculus

12. If r = (a® + b%)Y/2, then r represents
(a
(b

) a frequency
)

(c) a constant angle
)

a scaling factor in successive derivatives

(d) a derivative

13. The method used to find D"{cos™ zsin” x} is
(a) Leibnitz theorem
(b

) Taylor series
(c) De Moivre’s theorem
)

(d) Integration by parts

¢Eg is handled by

differentiation under integral

14. The expression

(a)

(b) partial fractions

(c) chain rule
)

(d) Taylor expansion

15. The second derivative measures
(a) velocity
(b)

(c) area

)

rate of change of slope

(d) displacement

16. The n'" derivative of €2 cos(bx) is of the form

(a) a"e cos(bx)
(b) e cos(bx + ng)
(c) e cos(bx)

(d) b™cos(bx)

17. If r = Va2 + b2 , then r arises in the differenti-
ation of

(a) (ax +b)"

(b) €™ sin(bx)

(c) log(ax +b)

(d) sin(az + b)

18. The n'® derivative of sin(ax) is
(a) a"sin(ax)
(b) a™sin(%F 4 ax)

)
(c) cos(ax)
(d) sin(§ + ax)

19.

20.

21.

22,

23.

24.

25.

Ify =

aml—i— 3 then D™y equals
(a) (az +0)"

(b) (=1)"nla"(az +b)~" !

(c) a™(ax +b)

(d) n(ax +b)~1

The n'® derivative of log(az + b) involves the
factor

The method of partial fractions is used for

(a) trigonometric functions

(b) algebraic fractions

(c) exponentials
)

(d) logarithms

The 't derivative of cos(az) equals
(a) a" cos(ax)

(b) a™cos(%F + ax)
(c) sin(az)
(d) cos(az +n)

If y = e*sin(bz), then each differentiation
multiplies the result by

(a) a
(b)
()
(d)

b
¢

The angle increment in D"{e® sin(bz + ¢)} is
(a) /2

(b) nm/2
(c) n¢
(d) ¢

If y = (ax + b)™, then y, is proportional to
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Chapter 2. Differential Calculus

26. The n'® derivative of sin?  can be found using
(a) Leibnitz theorem
(b)
(c)

)

(d) integration

trigonometrical transformation

partial fractions

(b) Y1
() yn
(d) ym

29. The third derivative measures

(a) velocity
27. The n'" derivative of log(az + b) contains the .
factor (b) acceleration
N (c) rate of change of acceleration
(a) (ax+b)~"
B (d) area
() (=)t (n —1)la”
(c) (n—1)! 30. The n'® derivative of €** equals
(d) a”
(a) e
28. If y = (ax + b)™, then the coefficient of a” (b) a”
appears in (c) ne®
(a) y (d) ae®
(9)yoe (O)ve (a)s1 aer (@9
()62 (d)ez Chras (D1 (@)
(d)y8e (9)ee (@91 (b)or ©)v
(Qyze (@712 (ayst ()6 (o)e
(ayoe (ayoe (vt (a)s (@e
(p)Ge (9)61 (yer (®)L G

7 Explanations

1. D{sin(az + b)} = acos(ax + b), D*{sin(ax +
b)} = —a®sin(ax + b), so every differentiation mul-
tiplies by a and advances the phase by 7. Hence
D"sin(axz 4 b) = a" sin(ax + b+ ).

Correct: (b).

2. D{cos(axz +b)} = —asin(azx + b), D*{cos(ax +
b)} = —a?cos(ax+b), so the cosine derivatives cycle
with the same 5 phase shift and factor a”. Thus
D™ cos(ax + b) = a" cos(azx + b+ ).

Correct: (b).

3. Differentiate once:
D{e* sin(bx+c)} =
Write asin® + bcosf = rsin(f + ¢) where r
Va2 +b2 and ¢ = tan~! (9). So D{e* sin(bx +

a

e (asin(bxz+-c)+b cos(bz+c)).

sin(bz + ¢ + ¢). Repeating n times mul-
D'y =

c)} =re™
tiplies by r” and adds n¢ to the angle:

r"e* sin(bx 4+ ¢ + ng). Correct: (a).

4. Write y = (ax +b)~!. Then 3/ = —a(azx + b) 2
y" = 2la?(ax +b)~3, and each differentiation brings
a factor a, increases the power in the denomi-

nator by 1, and alternates sign. Hence D"y =
(—=1)"nla"(ax + b)~""1. Correct: (a).

a R
+b

5. D{log(ax +b)} = alazx + b)_1 Using

axr

D™{(az +b)~'} = (—=1)"nla"(az + b) "1, we get
D"{log(az +b)} = a- D" {(az +b)"1}
= (=1D)"tn—-1)a"(ax +b)™"
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Correct: (b).

6. First derivative: D{(ax+b)"} = ma(ax+b)™!
(chain rule). Differentiate again: D? = m(m —
1)a®(ax + b)™ 2. Continuing, each differentiation
contributes a factor a and reduces the exponent by
1, producing the falling factorial:

D™"{(az+b)"} = m(m—1)--- (m—n+1)a" (az+b)"".

Correct: (b).

7. Use partial fractions:

3 -1 2

G D@r—1) 241 2e—1

Now ?pply D"{(pz + ¢)'} = (=1)"nlp"(pz +
q) "

on+1 1
D"y = (—1)"n! - .
) ( ) n (21,_1)77,-‘,—1 (.’L'+1)n+1
Correct: (a).

8. Since 22 + a? = (z — ia)(x + ia), we decompose

1 1

22 +a? (x —ia)(x +ia)

into partial fractions with complex conjugate linear
factors. This is the standard route to an explicit
general form for D"y. Correct: (b).

9. Rewrite sinbz + cosbr = V2 sin(bz + ), so
f(@) =v2esin(bz + §). Then

D" f(z) = V27" sin <bx + % + nqﬁ) ,

r=+va?+ b2, gb:tan_l(b).

a
(Thus the intended option is the y/2-scaled sine
form.) Correct: (c).

10. For y = e** cos(bx + ¢),
D{e® cos(bz+c)} = e (acos(bz+c)—bsin(bx+c))

=re®cos(bx + ¢+ ¢).

Repeating gives multiplication by r™ and angle ad-
vance ng: D"y = r"e* cos(bx + ¢ + ng).
Correct: (a).

11. From the standard result D" {e® sin(bx+c)} =
r"e® sin(bx+c+mne¢), the angle changes from (bz+c)
to (bx + ¢+ n¢). Hence, the increase is ne.
Correct: (b).

12. In successive derivatives of e** sin(bx + ¢) or
e cos(bx + c¢), the amplitude gets multiplied by
r = va? + b? each time (because asinf + bcosf =
rsin(6+¢)). So r is the scaling factor for successive
derivatives. Correct: (b).

13. For powers like cos™ xsin”z, convert
. . . 1 —1T
sin x, cos x into exponential form: cosz = %,

. ir__,—ixT . .
sinz = =7, then expand using De Moivre’s

theorem to get a sum of sin(kz) and cos(kz) terms,
which are easy to differentiate repeatedly.
Correct: (c).

f(z)
¢(x)
by decomposing into partial fractions (when pos-
sible), turning it into a sum of simple terms like
(ax + b)~! whose nth derivatives follow a direct
pattern. Correct: (b).

14. An algebraic/rational form is simplified

15. 3y gives the slope (rate of change) of y. The
second derivative y” = (y') measures how the slope
itself changes with = (concavity information).
Correct: (b).

16. Using the amplitude-phase method,
D{e cos(bx)} = e**(a cosbxr — bsin bx)
= r e cos(bx + ¢).

Repeating n times gives D"{e*® cos(bx)} =
e cos(bx + ng). Correct: (b).

17. The quantity r = Va? + b? appears precisely
when differentiating functions like e* sin(bx) or
e cos(bx), because each derivative produces a lin-
ear combination a(sin / cos) + b(cos /sin) whose re-
sultant amplitude is 7. Correct: (b).

18. sin(ax) differentiates cyclically: D sin(az) =
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acos(azx), D?sin(ax) sin(ax), etc. Thus af-
ter n differentiations the phase advances by %:
D"sin(ax) = a" sin(ax + %*). Correct: (b).

19. This is the same pattern as y = (az + b)~!:
each differentiation introduces a factor a, increases
the exponent in the denominator by 1, and alter-
nates sign. Hence D"y = (—1)"nla™(ax + b)~" 1.
Correct: (b).

20. From D"{log(az+b)} = (—1)" "L (n—1)!a"(az+
b)~"™, the characteristic factorial-sign factor is
(—=1)"~Y(n —1)!. Correct: (b).

21. Partial fractions are used to break an algebraic
(rational) fraction into a sum of simpler fractions,
especially when the denominator factors into lin-
ear/quadratic factors. Correct: (b).

22. cos(ax) differentiates as D cos(ax)
—asin(az), D?cos(ax) = —a® cos(ax), etc., so the
general form is D" cos(ax) = a™ cos(ax + ).

Correct: (b).
23. For y = ™ sin(bx),
Dy = e*(asin bz + bcosbx) = r e sin(bx + ¢),

so each differentiation multiplies the amplitude by
r = va? + b? (while shifting the angle by ¢).
Correct: (c).

the total increment is n¢. Correct: (c).

25. From D"{(ax +b)"} =m(m —1)---(m —n+
1)a™(ax + b)™™ ™, we see y, always contains the
factor @, so it is proportional to a™. Correct: (a).

26. Use the identity

1 —cos2zx
2

2, —

sin
Then D" (sin? x) reduces to differentiating cos 2z re-
peatedly, which follows the standard cyclic pattern.
Hence, the method is a trigonometrical transforma-
tion. Correct: (b).

27. The constant multiplier in D"{log(ax + )} =
(=) Yn — )la™(az + b) ™ is (=1)" "L (n — 1)la™.
Hence, that factor must appear in every nth deriva-
tive. Correct: (b).

28. The factor a” is produced only after differenti-
ating n times (each differentiation contributes one
factor a via the chain rule). Therefore, the coef-
ficient involving a™ appears in y,. Correct: (c).

29. Velocity is the first derivative, acceleration is
the second derivative, and the third derivative is
the derivative of acceleration (often called jerk), i.e.,
the rate of change of acceleration. Correct: (c).

30. Since D(e*) = ae®, applying D repeat-
24. Since D"{e® sin(bx + ¢)} = r"e™sin(bz + c+ | edly gives D?*(e®) = a%e®, ..., so in general
neg), the angle becomes (bx + ¢ + n¢). Therefore, | D"(e*") = a"e®. Correct: (b).
o
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2.3 Leibnitz Formula for the nt® Derivative

BF Definition 2.3.1 (Binomial Coefficients)
The binomial coefficient nC, is defined as

n!

nC,

rli(n—r)

and determines the numerical coefficient of each
term in Leibnitz’s formula.

© Theorem 2.3.1 (Leibnitz Formula): If u
and v are functions of x and possess derivatives up
to order n, then the n'™ derivative of their product
is given by

n

d" "ud"v
= Cp—— .
(uv) 7;)71 dz™=" dx”

dn

dz™

® Remark 2.3.1 This formula generalizes the
product rule to higher-order derivatives.

@ Remark 2.3.2 (Structure of the Formula)

* The indices of derivatives decrease for w and in-

crease for v.
Coefficients follow the Binomial Theorem.

The first and last terms involve only one differ-
entiated factor.

This theorem is particularly useful when one of
the factors is a small integral multiple of x; if
this be taken as v in the preceding formula, its
differential coefficients, and the series will consist
of only a few terms.

[#" Example 2.3.1 (Successive Differentiation)
Find the n*® differential coefficient of z2log x.

@ Solution Taking u = logz and v = z2, by Leibniz

theorem,
d” " /n
- (1) (=)
e (uv) = ZO (7’) uw .
Since .
d
ﬁ(lﬂ) =0,

only the first three terms survive. Hence,

Now,
v=2? =20, =2
and for k > 1,
%kk(log x) = w
Therefore, for n > 3,
%(3{:2 logz) = Wxg
s IS )
Simplifying,
AR GV L Y

[#° Example 2.3.2 If y = sin(msin~'z), prove
that
(1—a?)ys — ay1 +m*y =0

and
(1 —2%)ynso — (2n + Dy, + (m? — n?)y, = 0.

@ Solution Let

§=sin"laz = z=sinb, cos =+/1—2a2.
Then
y = sin(m8).
1
Differentiate w.r.t.  using i m:
dy dydb
1= =
dr  dfdx
— mcos(mb) 1 _ mcos(mb)
V1— 22 V1I—a?

Differentiate again:

_d (mcos(mb)\ _ . d cos(mé) 1
V27 Vi—a2 ) dx V1 — 22
a 2y—1/2
+m cos(mb) T ((1 — %) ) .
Now,
d . d . 1
e cos(mb) = —m sm(m@)% =—-m Sm(m())ﬁ
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___ ™My
V1T =22
and J
Ay oap_ T
d:c( ) (1 —a22)3/2
Hence
Y ! + m cos(mb) :1:
=m| - mcos(mb) ———=—
v V1—22) V1 —22 (1 —22)3/2
B m2y  xmcos(mb)
o 1—a22 (1—a2)3/2°
m cos(mb)
But from y; = ————=, we get
V1— 2?2
rmcos(mb)  x
(1—az2)32  1—g27
Therefore

m2 +
— 29

Y2 = — S Y1-

x

1 1—=z

Multiplying by (1 — 2?) gives
(1—a2%)ys — a1 +m’y =0.

Now differentiate this identity n times. Starting from

(1 — 2?)ya = zy1 — m?y,

apply Leibnitz’s theorem termwise.
Left side:

dn
dggin((l — .’1']2)y2) = (1 — $2)yn+2 + n01(1 b7, $2)I Yn+1

+nCy(1 — x2)" Yns

since higher derivatives of (1 — x?) vanish. Here

(1—2%) = —2a, (1—2%)"=-2.
Thus
d" 2 2
dx—n((l — )yg) = (1= 2%)ynt2 + n(—22)yni1
n(n—1
L2021 oy,

2
=(1- xz)yn+2 — 2naynt1 — n(n — 1)y,.

Right side:

d” ,
dxm (zy1) = 2ynt1 +nC12" Yn = TYnt1 + NYn,
and
dn 2 2

Hence

dn 2 2
w(wyl —M7Y) = TYns1 + NYn — M Yn

= 2Ypi1 + (n—m*)y,.
Equating the nth derivatives of both sides yields
(17:E2)yn+2—2mcyn+1fn(nfl)yn = xyn+1+(n7m2)yn~
Bring all terms to the left:

(1 —2%)ynio — 2n + Day,s1 + (m2 — n2)yn 0,

as —n(n —1) — (n — m?) = —(n? — m?) = m? — n2

[#" Example 2.3.3 If y = 22e%* find y,.

@ Solution

Let y = uwv where

By Leibnitz’s theorem,

n

Yn = Z nChuP =k,
k=0

UQZQ, U3:0,

and

v, = ae®.

Since derivatives of 22 vanish after the second order,
only first three terms survive:

Yn = xQ(eaz)n + ncl(Qx)(eax)n—l + nCQ(Q)(eam)n—Q'

m ,ax

Substituting (e**),, = a™e*,

Yn = $2(aneaﬂc)_’_ncl(zx)(an—leax)_’_n02(2)(an—26a37).

Taking a™ 2e* common,

Yo = a" 2" [a’2® + 2anz + n(n —1)] .

o 1
(4 Example 2.3.41If y = 08 prove that
x
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@ Solution
Let y = uv where
u = logx, v=2a""
Then
1
U =-—, Uy=——5,
1T 2 2
and (1)l
—1)"n!
Un = :L-n-i-l

By Leibnitz’s theorem,

n

Yn = Z "Cru® (k)
k=0

B (=1)"n! L\ [(=1)" "t (n—1)!
=logx [g:”“ + 10y N
n 1Y [(=1)"2(n—2)!
() [25].
—1)"n!
Simplifying and taking (fln common,
xn
(—=1)"n! 1 1
Un = o logxflfff§f~~fﬁ .

@® Remark 2.3.3 Leibnitz’s formula is especially
effective when one factor becomes zero after a finite
number of differentiations.

:= Exercise 2.3.1 (Leibnitz Formula)

mn

d
10. Find oo (2% log x).

@ Answer

(1)
dn

dx™

+4n(n—1)(n—2)2" 3z +n(n—1)(n—2)(n—3)2" 4.

(2)
)
(n—2)m

)

(n—3)m
2

(42@

x1e?) = 272" x +-4n2" P F6n(n—1)2" 222

d’n
dz™

( Jrmr
T4 ——
2

(n 5 1)7r>

3

—(z° cosx) 3

= I COS

+3nz? cos (m &

+3n(n — 1)z cos <x +

+n(n = 1)(n - 2) cos <x +

).

(ax +b)~*F

(3) Use Leibnitz’s theorem with

k

S log(az +0) = (=) (k — 1)la”

@) = )

T )n71$4

+5n(—1

+10n(n — 1)(=1)""223].
+10n(n — 1)(n — 2)(=1)" 322
+5n(n —1)(n —2)(n — 3)(=1)"
+n(n —1)(n —2)(n - 3)(n — 4)(-1)"°].
)

i
1. Find T(x4€2x) (5) Let r = /a2 + b2 and ¢ = tan~!(b/a),
2. Find C;;—n(:c3 COS T). ;ﬁc—nn(a:2 “ gin br) = x?r" e sin(bx + ne)
dn
3. Find d—(:c2 log(ax + b)). +2nar™ e sin(br + (n — 1)¢)
" +n(n —1)r""2e* sin(bz + (n — 2)¢).
4. Find j—( Pem ). n(n —1) sin(bz + (n — 2)9)
e 0
5. Find —— (""" sin bx). "
djl ddx (23 sin(az + b)) = z3a" sin(n—; +ax + b)
6. Find %(1‘3 sin(ax 4+ b)).
o, +3nz2a™ ! sin<(n — D + ax + b)
7. Find dx—n(x cos(ax)). 2
mn n—9o . (n - 2)71’
8. Find %((1 _ xz)ex)_ +3n(n — 1)za sm( 5 +ax + b)
" -3
9. Find j—(xQ tan~! x). +n(n —1)(n —2)a" > sin<(n 5 i +ax + b) .
xn
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(7) Similar to (6), replacing sin by cos.
(8)
dTL

dx™

(1—2)e") =e" [(1—2°) — 2nz — n(n —1)].

—1

(9) Apply Leibnitz theorem using derivatives of tan™" x.

s Practice Questions

mn

1. If u=2" and v = €%, then —

T (uv) equals

(a) a"e”

(b) e (:U +nz" 1)

(c) e Y o(nn—1)---(n—r+1)2""
(d) nle”

dn
2. The number of non-zero terms in d—n(xg log )
T

is

o
3w ok 3

o, o
NN N NI

-3

mn

3. Using Leibnitz theorem, %
the factor

a) x?

b)

c)

d)

(an

x“e) contains

— N~

X
a”
e?
z"

—

4. If y = 2™e, then D™y contains the term

a
b
¢
d

—~ o~

™
e
mn
am

—

I.’I’I’l

—
— — — ~—

mn

2", then —
en -

5. If u = logz and v = (uv) is

proportional to

mn

—(2%logx) = (-1)" *(n—a)-6 2~ ("),

dx™

6. If y = (1—22)yo—2y; +m>y, then the equation
represents

(a) an algebraic identity
(b)
()

)

(d) Leibnitz expansion

a recurrence relation

a differential equation

7. In Leibnitz theorem, the binomial coefficients
arise from

(a) Taylor expansion
(b)

(c) Binomial theorem
(d) Chain rule

Product rule

8. If u = 2* and v = sinx, then D"(uv) has at
most

(a) n terms
(

b)
(¢)
)

(d) n —4 terms

4 non-zero terms

5 non-zero terms

9. The term involving u(" 24" in Leibnitz for-
mula has coefficient

(a)
(b)
(c)
(d)

3)

/'\/\3

)

n—

2n

10. If y = 2% log x, then D%y equals
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11. The recurrence relation

(1—=2)yns2— (2n+1D)zyns1 +(m* —n?)y, = 0

is obtained using

(a) Taylor theorem

(b) Leibnitz theorem
(¢) Chain rule

(d) Integration by parts

mn

12. If u = 2 and v = €%, then uv) equals

et

13. In Leibnitz expansion, which term contains
0)9
u\Y

(a) First term
(b) Middle term
(c) Last term
(d) None

14. If u = 2¥ and v = f(x), then Leibnitz theorem
is most useful when

k is large
f(z) is periodic
k is small

16. The highest derivative of u appearing in Leib-
nitz formula is

17. If u = 2% and v = log x, then the last non-zero
term occurs at

when

(a) n=1
(b) n=
(¢) n=0
(d) n— oo

19. The term nCru™ ") implies
(a) derivatives of the same order
(b)
()

)

(d) no pattern

opposite variation of indices

fixed derivatives

20. If w is constant, then Leibnitz formula reduces
to

(a) chain rule

(b) uD"™v

(¢c) vD™u

(d) binomial expansion

<

21. Leibnitz formula is used to find:
(a) Derivative of a quotient
(b)
()

)

(d) Integral of a function

Derivative of a product
Derivative of a function

22. In Leibnitz’s formula, the coefficients follow:
(a) Arithmetic progression
(b)
(c)

)

(d) Taylor series

Geometric progression
Binomial Theorem

mn
23. The number of terms in — (uv) is:
dx™

(a) n
(b) n—1
(¢c) n+1
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(d) 2n

24. The first term in Leibnitz’s formula is:

(¢) Order of function

(d)

n and r

(a) u 28. Which theorem explains the coefficients in
(b) uvy, Leibnitz’s rule?
(¢) nCrun—1v1 (a) Mean Value Theorem
(d) wrvp—1 (b) Rolle’s Theorem
(c) Binomial Theorem
25. If v becomes zero after k derivatives, then: ,
(d) Taylor’s Theorem
(a) The formula is invalid
(b) The series is infinite 29. The n'® derivative of xze® is given by:
(¢) Only finite terms remain
(d) No differentiation is possible (a) ze
(b) e*(z+n)
26. Leibnitz’s theorem is particularly useful when: (c) e’(z —n)
(a) Both factors grow rapidly (d) ne
(b) One factor is constant £ ) s
(c) Both factors are polynomials 30. The Tf: derivative of z?e’® contains which
(d) One factor has finite derivatives facfpr
(a) e
27. The coefficient nC,. depends on: (b) e?®
(a) wand v (c) &3
(b) = (d) e
(d)yo¢g (@ re (o)8r1 azr )9
(9)6e (9)€e (@A @711 (@
(®)8e (d)ee (o)91 (pyor (Dv
(PyLe (@12 (st (@6 ()¢
(Py9z (@02 v ()8 (@e
(9)se (ayer (0)€T (¢ O)1
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7 Explanations

1. Use Leibnitz theorem:

(“) w(™ =)
.

(n=1)--(n—r+1az""

n

D

r=0

D" (uv)

Here v = 2™ = u(™ =n
(and u(") = 0 for r > n),
Hence,

D" (x"e")
Correct: (c).

2. Write u = 23, v = log 2. In Leibnitz expansion,
terms involve u("). But

ul® =23, uM =322, u® =6z,

u® =6, u =0 (r > 4).

So only r = 0,1,2,3 can contribute (for n > 3),
giving exactly 4 non-zero terms. Correct: (b).

3. Let u = 22, v = ¢**. Then v¥) = a¥e for every
k. So each term in

n

Dn($2€ax) — Z

r=0

<n> ($2)(r) (ea:c)(n—r)

r

contains the factor e**. Therefore, e®* is a common
factor of the whole derivative. Correct: (c).

4. For y = 2™e®, apply Leibnitz:

<n> (xm) (r) (ea:v)(n—r) )

r

n

Dn(mmea:c) = Z

r=0

n—r,ar

But (e®®)(""7) = ¢""Te 50 every term contains

e®”, hence D™y contains the term/factor e®”.
Correct: (b).

5. Take u = logx, v = ™. In Leibnitz,

(Z) (log )™ (™) (=),

n

D"(z"logx) = Z
r=0

The r
so n!logx definitely appears.

0 term is (logz) (z™)™ = (logz)n!,
All other terms

and v = e = p("7T) = %,

(r > 1) give constants because (logz)) oc ="

and ()"~ oc 2", so the powers cancel. Thus the
result is of the form n!log x + constant, i.e. propor-
tional to log x in the sense that it contains logx as
the only non-algebraic part. Correct: (b).

d
6. The expression involves y, y; = cTy and
x
_ &y

(1 —22)ys — zy1 + m?y =0

(or equated to something). Any relation connect-
ing a function and its derivatives is a differential
equation. Correct: (c).

7. Leibnitz theorem is obtained by applying the
product rule repeatedly: each differentiation splits
as D(uv) = u/v+uv’, and counting how many ways
r derivatives can fall on one factor produces (Z’)
Correct: (b).

8. For D"(z*sinz), let u = 2%, v = sinx. Since

only » = 0,1,2,3,4 contribute in Leibnitz sum.
Hence, there are at most 5 non-zero terms.

Correct: (c).
(n) 2w (1)
”

the term u("~2v” corresponds to r = 2. Therefore
its coefficient is (3) (note (3) = (,,",))-
Correct: (b).

9.

In
n

D" (uwv) = Z

r=0

10. Differentiate stepwise:

y=2a’logz, vy =2zlogz+z, 3y’ =2logx+3,
2 2
"mo_ z y(4) =—=.
x x

Correct: (d).

11. The recurrence involves Ypn+2, Yn+1, Yn, which
typically comes from differentiating a differential
equation containing products like (1 — 22)y” re-
peatedly. Repeated differentiation of such products
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uses Leibnitz theorem, producing the binomial-type
coefficients and shifting indices. Correct: (b).

12. Use Leibnitz with ©w =z, v = €”:
Dn(l,ex) _ zn: n x(r)(ex)(n—r)_
r=0 r

But (¥ =z, () =1, and (") = 0 for r > 2. So
only » = 0,1 remain:

D" (ze") = <g>xem + (Tf) -1-e* = (z+n)e’.
Correct: (b).

13. In the standard arrangement

the factor u(?) = u appears in the first term wv(™.
Correct: (a).

14. If v = 2¥ with small %, then u(” = 0 for r > k.
So Leibnitz sum truncates after finitely many terms,
making computation easy. Thus, it is most useful
when £ is small. Correct: (c).

15. In y = 2" sin z, Leibnitz gives a sum of terms
involving derivatives of sin z:

(sinz) = cosx, (cosz) = —sinz,

so higher derivatives cycle between sin z and cos x.
Hence D™y contains both sin z and cos x (for n > 1).
Correct: (c).

16. In Leibnitz,
D" (uv) = E (n) uMy=r),
r
r=0

the highest-order derivative of u occurs when r = n,
giving the term u(™v. Correct: (a).

17. Let u = 22, v = logz. Since u(") = 0 for r > 3,
the Leibnitz sum has no contributions beyond r = 2.

Therefore, the last non-zero term corresponds to
r = 2. Correct: (c).

18. For n = 1, Leibnitz becomes

1 1
D(uwv) = (O) uv' + <1> wo=u +u'v,

which is exactly the product rule. Correct: (a).

19. In (Z)u("_T)v(T), as r increases, the order on
v increases while the order on u decreases. So the
indices vary in opposite directions (one goes up, the
other goes down). Correct: (b).

20. If u is constant, then u(") = 0 for all » > 1.
Hence in

D" (uwv) = Z (n) uMy=r),

r=0 "

only the r = 0 term survives, giving D" (uv) =
u D"™. Correct: (b).

21. Leibnitz formula is precisely the rule for com-
puting the n'* derivative of a product uv.
Correct: (b).

22. The coefficients

(1) () )

are exactly the binomial coefficients, i.e., the same
pattern as in the Binomial Theorem. Correct: (c).

23. Since the sum runs from r = 0 to r = n, the
number of terms is
n—0+1=n+1.

Correct: (c).

24. In the ordered expansion

D"(uv) = uv™ + (T) w4
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the first term is uwv(™, i.e. uv,. Correct: (b).

25. If v(") = 0 for all r > k, then in Leibnitz sum
every term with r > k vanishes. So only finitely
many terms (up to r = k) remain. Correct: (c).

26. It is particularly useful when one factor has
only finitely many non-zero derivatives (typically
a polynomial), so the Leibnitz sum truncates and
becomes short. Correct: (d).

27. The coefficient (7') is purely combinatorial and
depends only on how the n derivatives are split: it

depends on n and r, not on the specific functions.

Correct: (d).

28. The appearance and pattern of coefficients (")

are explained by the Binomial Theorem (and Pas-
cal’s identity used in the inductive proof of Leibnitz
rule). Correct: (c).

29. As in Q12,
D" (ze®) = x(ez)(n) +n-1- (el“)("*l)
= ze” +ne® = e"(z +n).

Correct: (b).

30. For y = 2%e3*, Leibnitz gives
(1) (220 (g3 (nr)
D" 2.3z 2\(r) ( ,3z\(n—r .
(%) TZO(T)@) (%)

But (e37)("7) = 377737 50 every term contains
the common factor e3*. Correct: (c).

Confidence and Hardwork
is the best medicine to kill the disease called

failure. It will make you a successful person.

- Dr. A.P.J. Abdul Kalam
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2.4 Partial Differentiation

AP Definition 2.4.1 (Function of Two Vari-
ables) A function of two variables is a rule which
assigns a unique real number to each ordered pair
(x,7) belonging to a set D C R2.

If w is a function of two independent variables x
and y, defined on D, we write

u= f(z,y),

where (z,y) € D.

Here, D is called the domain of the function.

[#' Example 2.4.1 If u = 22 + 2y + 3%, then u is a
function of the two independent variables x and y.

BF Definition 2.4.2 (Partial Derivative with
Respect to z) If u = f(z,y) and z varies while
y remains constant, then the derivative of u with
respect to x is called the partial derivative of u with
respect to x and is denoted by %.

It is defined by

ou _
ox

f(x+A$7 Z/) _f(xay)
Ax

lim

N Az—0

[# Example 2.4.2 If u = 2%y + 3292, then treating
Yy as constant,

ou

=2 3y°.
5 2%+ 3Y

AP Definition 2.4.3 (Partial Derivative with
Respect to y) If u = f(z,y) and y varies while
2 remains constant, then the derivative of u with
respect to y is called the partial derivative of u with
respect to y and is denoted by %'

[# Example 2.4.3 If u = 2%y +3zy?, then treating
x as constant,

ou

2
= 6 .
3y x= + bxy

BF Definition 2.4.4 (Successive Partial Deriva-
tives) If u = f(z,y), then the partial derivatives

ou  Ou

ox’ 0Oy
are themselves functions of x and y and may be
differentiated again with respect to either of the

independent variables, we obtain successive partial
derivatives.

Regarding x alone as varying, we denote the
result by

Pu o
ox2’ 9x37 T Qan’

Similarly, when y alone varies, we write
Pu  Ou "
R A

[#" Example 2.4.4 For u = 2%y + xy?,
ou 0%u

9 2
Oz TYry 0z2

= 2y.

AP Definition 2.4.5 (Mixed Partial Deriva-
tives) If u = f(x,y), then differentiating first with
respect to x and then with respect to y, we obtain

d%u
Oy Ox

Similarly,
0%u
0x Oy

[#" Example 2.4.5 For v = 2%y + x2,

) 2
It is defined by 8?; g{p - 883/(2xy + y2) = 2x + 2y,
ou_ [yt Ay) — f(2,y) and
— = lim . 0%u J, 4
8y Ay—0 Ay 920y = %(;p + 2zy) = 2z + 2y.
https:/ /professoracademy.com/ 37
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9 Theorem 2.4.1 (Equality of Mixed Partial
Derivatives (Clairaut—Schwarz Theorem)):
Let u = u(z,y) be a real-valued function defined
on an open set containing the point (a,b). If the
second-order partial derivatives

0%u 0u
Ox Jy Oy Ox
exist in a neighbourhood of (a,b) and are continuous
at (a,b), then
0u
Jx dy

9%
(CL, b) - m(a’ b)

© Theorem 2.4.2 (Function of Function Rule):
Let z be a function of u, where u is a function of
two independent variables x and y.

Then,

0: _
or

& o
du 0x’

0 _
8y_

&
du Oy’

= Example 2.4.6 Let z = u? where u = 22 + y2.

Then p 9
z u
=Z_ou, =
du Y B *
Hence,
0
a;—2u 21 = 4x(x? + o).

[#' Example 2.4.7 Find the partial differential
coefficients of

u = sin(ax + by + cz).

@ Solution
% = acos(ax + by + cz),
% = beos(ax + by + cz),
% = ccos(azx + by + cz).

[#° Example 2.4.8 (Homogeneous Function)

If
LY

x4y’

u =

show that
x@ + @ =
Ox oy -
Solution:
ou _(atyy—zy ¥
ox (x +y)2 (x +y)?’
ou_(@+ya—ay _  a?
oy (z+y)?  (z+y)?*
8u+ @ vy + 2ty mylz+y) wmy
T or 8y (x+y)? (z+y)?2 =ty

[#° Example 2.4.9 (Trigonometric Function)

If
3 3
u:tan1<x ty ) ,
r—y
prove that
8u + u sin 2u.
Yor Yoy T
@ Solution
3+ y3
tanu = .
r—=y

Differentiating with respect to x alone,

_ 2 _ (3 3
soc2 2 _ (& —y)3e® — (@ +y%)
O (z —y)?
- 223 — 322y — o3
(x —y)?
Similarly,
) 3 3 2 _ 2 3
ec? o O = T2 H3ay" 20
dy (z—y)
Hence,
) 3 3
sec?u x—u au = L—'_y) = 2tanu.
ox 6y T—y
. x% + y@ = 2tanucos® u = sin 2u.
ox dy

[#' Example 2.4.10 (Laplace’s Equation) If

V= (2 + g+ 2272
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show that
0%V n 0’V n 0%V —0
ox?2  Oy2 022 7
@ Solution
%Z = —a(a® +y* + 2772
9%V B 222 — % — 22
dx2 (22 +y? 4 22)5/2°
Similarly,
aQV 7 2y2 o 1.2 o 22
Oy (a2 442 + 22)5/2
82‘/ B 222—$2—y2
022 (9:2+y2+22)5/2'

PV 9V PV

Ry Oy? + 022 =0

[#" Example 2.4.11 (Equality of Mixed Partial
Derivatives) Illustrate the theorem

0%u B 0%u
0xdy  Oyox’
when ) )
uzlog(m +y )
xy
@ Solution
u = log(2?® 4+ 4°) — logz — logy.
u_ 2z 1 WY N 1
or 22492 Oy 2241y y
0%u _ 0 20 1\ day
Oyoxr Oy \z2+y? x) (22 +y2)?’
0%u 72 2y 1\ day
oxdy Odz \22+vy2 y/)  (22+y2)?’
) 0%u B 0%u
" Oyodxr Oz oy’

BF Definition 2.4.6 (Total Increment) If
u = f(z,y) is a continuous function of = and y,
and if x and y receive small increments Az and Ay,
then u receives a corresponding increment Au given
by

Au = f(x + Az, y + Ay) — f(x,y).

This quantity Aw is called the total increment of w.

9 Theorem 2.4.3 (Total Derivative with Re-
spect to a Parameter): Ifu= f(z,y), where x
and y are functions of a variable t, then

oudy
Oy dt’

du _ Ouda
dt — Ox dt

AP Definition 2.4.7 (Total Differential) If

u = f(x,y), then in differential form,
ou

d =
$—|—8y

_ Ou

d
“ax

dy.

The quantity du is called the total differential of u.

@ Remark 2.4.1 (Total Derivative for Three
Variables) Ifu= f(z,y,2) and x, y, z are func-
tions of t, then

du 8ud£

du _ Ju du dy
dt Oz dt

dudy | Oud:
Oy dt

Oz dt

@ Remark 2.4.2 (Total Differential for n Vari-
ables) If

u= f(x1,m2,...,2Tp),

where x1,Za, ..., T, are functions of t, then

du _ Oudry | Oudry . Oudin
dt — Oxy dt = Oxo dt Oz, dt
Equivalently,
ou ou ou
du=—d —d v+ ——dwy,.
Y ox1 w1+8w2 T2+ +8xn v

@® Remark 2.4.3 If u = f(x,y), where x and y
are functions of t, then

du aud;”c

du _ du du dy
dt Oz dt

dy dt

@ Remark 2.4.4 (When y is a Function of z)
If u = f(x,y) and y is a function of =, then

du  Ou

du _Ou  Oudy
dr  Ox

Ay dx”
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:= Exercise 2.4.1 (Partial Differentiation)

@
ox

2

2. Find % and

ou
dy
0%u
o2

1. Find and

if u = 23y + 222y + 3.

if u = e™ + z2y.

3. If u = log(z? + y?), find

du
oz’

du
oy’

4. If z = u3 where v = 22 4 y?, find

0z
oz’

@ Answer
(1)

0
au _ 3z%y? + 4y,

oz

(2)
o _
0x2
o
Oy?

(3)

@ 2

or a2 +y?’

Implicit Functions

© Theorem 2.4.4 (Deri

9z
oy’

0
au_ 223y + 227 + 3y%.
Ay

ye™ + 2y,
= z%e",
ou 2y
Oy 224 y?’
0z
SR (2 2y2.
99 y(z” +y7)

vative of an Implicit

[#° Example 2.4.12 (Total Derivative) Find

du
a where
w=2*+y*+2%, z=¢', y=elsint,
@ Solution
du_ Oudr  dudy  Oud:
dt  Oxdt Oydt Ozdt

= 2xe’ + 2y(e’sint + e’ cost) + 2z(e' cost — e’ sint).

= 2¢'(x +ysint + ycost + zcost — zsint).
= 2¢f(e! +e'sin®t + e’ sintcost + e’ cos® ¢
—elsint cost).

= 2¢’ . 2et =4e?.

4 Example 2.4.13 (Total Derivative with Re-

spect to z) Find % When
dx

1—=x
ot

u=a’+y? y=

@ Solution

du  Ou

du _ Ou  Oudy
de Oz

Ay dx’

(=)

d

1—
:2x+2y@ z

x

:= Exercise 2.4.2 (Implicit Functions)

d
1. If 22 + 42 = a2, find 2.

dx
Function): If the relation between x and y is 5 5 dy
given implicz’tly by 2. If x° + Yy — 3axy = O, find %
flz,y) =c, 3. If e + 2 +y =1, find %
where ¢ is a constant, then
g @ Answer
dy _ oz (1)
de  Of dy __z
oy dx Y
https:/ /professoracademy.com/ 40

z = e cost.



PG TRB MATHEMATICS

F
T Professor Academy o

Ap&6v (IpWDHPUTIBeoBis
PG TRB (3056 s

ereMeU) SN QFliicug 2 m

- Edil Berta

PG TRE
PREPARATION TIPS .

1st attempt 0 Pass syarg et ? [ PG TRE Mathematics Achiever

e Professor Academy i g1 o4 =

“ First-attempt success in PG TRB Mathematics was
possible only through Professor Academy’s simplified
teaching and rigorous testing. The intensive final
revision and clear conceptual focus turned my
preparation into a winning strategy. | highly
recommend them to anyone serious about securing“
a top rank

S.Edil Bertta- 1t Attempt

& Scan to

Know More

Professor Academy




Pﬁ Professor Academy

Chapter 2. Differential Calculus

(2)

dy 2% — ay

dr ¢ —ax’
(3) ,

dy _ _ye 41

de ~ xe? +1°

Homogeneous Functions

AP Definition 2.4.8 (Homogeneous Function)
Let us consider the function

n—2, 2

f(z,y) = apz™ + a2y + agx" 2y + -+ any™.

In this expression, the sum of the indices of the vari-
ables x and y in each term is n. Such an expression
is called a homogeneous function of degree n.

@® Remark 2.4.5 The above expression can be
written as

2

f(xvy):]]n <a0+alz+a212+...+an

-or(2).
X

that is, f(z,y) is of the form x™ multiplied by a

function of g
x

Euler’s Theorem on Homogeneous
Functions

© Theorem 2.4.5 (Euler’s Theorem): If
f(z,y) is a homogeneous function of degree n, then
of af

T— + Yy -—

Ox oy n-

@ Remark 2.4.6 In general, if f(x1,1,...
is a homogeneous function of degree n, then

s Tm)

[#° Example 2.4.14 Show that f(z,y) = 2% +xy +
y? is a homogeneous function.

@ Solution Each term has a total degree 2. Hence
f(z,y) is homogeneous of degree 2.

@® Remark 2.4.7 Similarly, a homogeneous
function of degree n consisting of m wvariables
., Tm can be written as

T2 I3 Im
xl,Il,...,xl .

[# Example 2.4.15 Verify Euler’s theorem for
fz,y) = 2® +zy + 42

T1,T9, ..

ay

@ Solution
of of
%72x+y, 8y7m+2y'
af af
QS%—Fy@

=22z 4+ 1y) +y(z + 2y) = 222 + 2zy + 2y = 2f.

Hence, Euler’s theorem is verified.

Chain Rule for a Function of Two
Variables

Let
V = F(u,v),

where

u = u(z,y), v=uv(z,y),

and z,y are independent variables. Then V is ulti-
mately a function of z and y through u and v.

Since x and y are independent variables, the total
differential of V' with respect to x and y is
oV ov

——dx + ——

v = ox y

dy.

Now, as u and v are functions of x and y, their
total differentials are

du = —d —d
U o7 x+ay Y,
ov ov
dv=—d — dy.
v 97 x+8y Y

Also, since V' = F(u,v), its total differential in
terms of u and v is

ov

dV:—du-l-aV
ou

— dv.
ov v
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Substituting the expressions for du and dv, we get
oV ou 9OV v oV ou 9OV dv
AV =——+——1d — 4+ ———|d
v <8u 8:L‘+ ov 8;19) v <8u oy  Ov 3y)

Comparing the coefficients of dr and dy with

oV oV

dV = —d —d

v oz F + oy 4

we obtain the chain rule:

v _ovou v
dr  Oudr Ov oz’
oV _ovou ovon
dy  Oudy Ov oy

@® Remark 2.4.8 The above formulas show that
the differential operator transforms as

o _mo o
or  Oxou Ox0v’
and similarly,
o _mo o
dy Oyou Oyov

Higher-order partial derivatives can be obtained
by repeated application of these relations.

= Example 2.4.16 If

V:u2—|—v2, u=x+y, v=x-—1,
ﬁnda—vanda—v.
oz oy
@ Solution
oV oV
%—2'[% %—21)
ou_ o
or 1 ox
ov

Similarly,
ou_, v_
oy oy
)%
G = 2ull) + 20(=1) = 2(u—v)

:= Exercise 2.4.3 (Homogeneous Functions
and Chain Rule)

1. Show that

flz,y) =2 —zy +y°

is homogeneous and verify Euler’s theorem.
2. If

23+ 3
U = ,
z+y
verify that
x@ @ = 2u
Ox yay -
3. If
V=u+w, u=z>-—19% v=uay,
ov ov
find — and —.
n i an ay
@ Answer

(1) Homogeneous of degree 2, and

of ~of
(2)
x@ + % =2u
Ox y(’?y

oV
— = 4dau + 220 + uy,
ox

—4dyu — 2yv + ux.
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s Practice Questions

1. If u = f(z,y) and Au = f(z + Az,y + Ay) — 6. If u = f(x,y) and y is a function of z, then
f(z,y), then the statement that is always true d“ 2 equals
is w u
(a) 52+ 5
(a) Au= Agc —|— a5 Ay (b) % + gZ gg
(b) Au = Am + Ay for small increments (c) (%b + %
(c) Au= du (d) gj%
(d) Au=0if Az+ Ay =0 v

7. If f(z,y) = c defines y implicitly and f, # 0,

2. The geometric meaning of V¢ for the surface then the only correct general formula is

d(x,y,z) =0 (with Vo # 0) is (a) % - _%U
d x
(a) tangent to the surface (b) & = _%
dy _ J»
(b) normal to the surface () & = 7
(c) parallel to z-axis (d) % _ }Ly
(d) undefined \

8. If V = F(u,v) with u = u(z,y),v = v(x,y),

%y then %—‘; equals

3. If u = f(z,y) is such that a ay and g5 exist

near (a,b) but are NOT continuous at (a,b), (a) Vyug + Vyuy
then one can conclude (b) Viuy + Vyuy
(a) ugy(a,b) = uyz(a,b) must still hold (g) “quu ‘—; Vit
(b) uzy(a,b) # uye(a,b) must hold (d) Vut Vo
lit fail; tinuity is the key hy-
(c) equali y fhay At COnMMULY 15 o 9. In the chain rule operator form, 2 g equiva-
pothesis lent ¢ Ox
ent to
(d) u must be linear T,
(2) 32 av + 9s 9
o EIIET
4. For u = f(x,y), the equality uz, = uy, is %‘” ou 8 oz Jv
guaranteed if ©) 2+
() 5o
(a) ug and u, exist at (a,b) o
(b) sy and uy, exist at (a,b) only 10. If f(x,y) is homogeneous of degree n, then the
(€) uzy and uy, exist in a neighbourhood and quantity x f, + v f, equals
are continuous at (a,b) (a) f
(d) w is differentiable at (a,b) (b) nf
(c) n
5. If u = f(x,y) and z,y depend on t, then d—" (d) 0
equals

11. If f(x,y) is homogeneous of degree n # 0, then

Ou | Ou
(a) 3z + dy xfz +yfy = 0 implies
(b) Qudr | Ou dy
9z dt " Oy dt (a) f is constant zero
Ou d Ou d
(©) gear + 9y di (b) f is not differentiable
(d) % (¢) f is homogeneous of degree 0
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(d) f must be linear

12. Ifu = , then u is homogeneous of degree
r+y
(a) O
(b) 1
(c) 2
(d) —1

13. If u = f(=z,y) is homogeneous of degree n,
then u can be written in the form
(a) u=F(z+y)
(b

) u=ap ()
(c) u= y”F(%) only
(d) u=a"+y"

14. Suppose f(z,y) is homogeneous of degree n
and differentiable. Then f, is homogeneous of
degree

(a) n

(b) n+1
(¢) n—1
(d) n—2

15. If f(x,y) is homogeneous of degree n, then
22 fuz + 22y foy + Y2 fyy must be homogeneous

of degree
(a) n
(b) n+
(¢c) n—2
(d) n—

16. If u = f(x,y) and (Az, Ay) — (0,0), then the
condition for Awu to be approximated by du is

(a) f is continuous at the point

(b) f is differentiable at the point

(c) frand f, exist at the point only

(d) f

is homogeneous

17. If u = f(z,y) and du = fydz + f,dy, then du
equals
(a) exact increment always
(b) linear part of increment
(c) second-order increment

18.

19.

20.

21.

22,

23.

(d) total increment only

If V = (22 + 4 + 22)~1/2 satisfies Vi + Vi +
V.. =0, then V is

(a) harmonic function

(b) homogeneous function
(c) constant function

(d) implicit function

If u= log(m ) ) then ug, and w,, are ex-

pected to be equal because

(a) u is polynomial

(b) second partial derivatives are continuous
on the domain xy # 0

(c) ua = uy

(d) w is homogeneous

If u= f(z,y) and f, = 0 at a point but

fy # 0, then for the level curve f(x,y) = c at

that point, % is

(a) 0

(b) undeﬁned

(c) —— =0
) —

(d

If f, =0 but f; # 0 at a point on f(x,y) = ¢,

@ .
then 7 1s

oo (vertical tangent)

—
¢

— — —
—_

If u = f(z,y) and z = 2, y = 3, then ‘f;t” uses

only u,

If V= F(u,v) and u = u(z,y), v = v(z,y),
then dV equals

(a) Vpdx + Vydy

(b) Vydu + Vydv

(c) both (a) and (b) are valid descriptions
(d) neither (a) nor (b)
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24. If u = f(z,y) is homogeneous of degree n,
then the identity xu, + yu, = « implies

(a) n=0
(b) n=1
(c) n=2
(d) impossible

25. For a function u = f(z,y), the expression

Tuy + Yuy measures

(a) curvature

(b) directional derivative along radial direction

(c) Laplacian
)

(d) mixed partial

26. If u = f(x,y) is homogeneous of degree n,
then along scaling (z,y) — (tz, ty),

(a) u remains unchanged
(b

) w scales as t"
(c) u scales as t"+!
)

(d) u scales as t"~!

27. If u= f(x,y) and x,y are independent, then
which is correct?

(d) both g—i and % are undefined

, this

28. If u = f(x,y) and we compute <@)
ox ),

notation emphasizes

a) «x is constant

(a)
(b)
()

)

(d) neither varies

y is constant
both vary

d
29. If u = f(z,y) and du 2%

— at a point, then
de  Ox P ’

necessarily

(1) =0 or

oy dx
ou
ox
du
Ay

(d) w is homogeneous

30. If u = f(x,y) and y is held constant, then du

equals
() 20 =1
o (a) fodz
(b) 55 =0 (b) fydy
8?; (C) fzdx + fydy
() 5, =1 (d) 0
(o)yog (@ve (o)s1 (@zr (@9
(0)62 )€z @yt (o)1 @s
(aysz )2z (@yo1 (@yot )y
@ysz (a)12 (o)G1 (aye6 )€
(@)92 (®yoz w1 (0)8 @z
(ayee (@yet @er @z @1
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7 Explanations

1. In general, the exact increment

need not be exactly linear in (Az, Ay). If f is dif-
ferentiable at (x,y), then by the first-order Taylor
expansion,

Au= f, Az + f, Ay + 0( (Az)? + (Ay)Q) )

so for small increments Au ~ f, Az + f,Ay.
Correct: (b).

2. On the surface ¢(z,y, z) = 0, any tangent direc-
tion (dz, dy, dz) satisfies d¢p = 0, i.e.

Vo (dz,dy,dz) = 0.

Thus V¢ is orthogonal to every tangent vector,
hence it is a normal to the surface when V¢ # 0.
Correct: (b).

3. Even if u,, and wu,, exist near (a,b), equality
Uzy(a,b) = uyz(a,b) is not automatic. The standard
theorem requires a continuity condition; without
continuity at (a,b), the mixed partials can be un-
equal. Correct: (c).

4. By the Clairaut-Schwarz theorem: if u,, and wuy,
exist in a neighbourhood of (a, b) and are continuous
at (a,b), then

Ugzy(a,b) = uyz(a,b).

So continuity in a neighbourhood (at least at the
point) guarantees equality. Correct: (c).

5. If u = f(z,y) with z = z(t) and y = y(t), then
u is a composite function of ¢. The chain rule gives
du dx dy
n = uza + uya.

Correct: (b).

6. If y =y(x) and u = f(z,y(x)), then u depends
on z directly and through y. Hence % = Uz + uyﬁ.
Correct: (b).

7. From f(z,y) = ¢, differentiate w.r.t. x:

dy
- 2 =0.
f +fydx

If f, # 0, then
dy _ _Jfa
dx Iy
Correct: (b).

8. With V = F(u,v) and u = u(z,y), v = v(x,y),
treat V as a composite function. Holding y fixed
and differentiating w.r.t. z,

Ve =Vyug + Vyvs.

Correct: (a).

9. For any function W (u,v) with v = u(z,-) and
v = U(J?, ')7

ow oW n ow
ar = “au T oy
So, as an operator,
0 _, 0, .0
r  Tou ' oy

Correct: (b).

10. If f is homogeneous of degree n, then
f(tz,ty) = t" f(x,y). Differentiating w.r.t. ¢t and
setting ¢ = 1 gives Euler’s theorem:

Tfe+yfy=nf
Correct: (b).
11. For homogeneous degree n # 0, Euler gives

rfe +yfy =nf. faf, +yfy =0, then nf =0,
hence f = 0. Correct: (a).

12. Check scaling:

_ (t)(ty) __tay

Tttty txty rty

rYy

u(tz, ty) tu(z,y).
So u is homogeneous of degree 1. Correct: (b).
13. If u is homogeneous of degree n, set t = % (for

x #0):
(i) () =r (3),

(2.) (”’
w(z,y) =u{—,= -
y PR
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where F'(s) = u(1,s). Correct: (b).

14. If f(tx,ty) = t" f(z,y), differentiate both sides
w.r.t. x:

fo(tx,ty)t =" fo(z,y) = fu(tz, ty) = t”flfm(a:, Y)

So f; is homogeneous of degree n — 1.
Correct: (c).

15.  Second derivatives reduce degree by 2:
fra, fays fyy are degree m — 2. Multiplying by
x2, xy, y® raises the degree by 2, so each term be-
comes degree n, and so does their sum.

Correct: (a).

16. We have Au = du precisely when the first-order
Taylor approximation is valid with a higher-order
error term, i.e., when f is differentiable at the point:

Au = du + o(||(Ax, Ay)||).
Correct: (b).

17. The differential du = f, dx + f, dy is the lin-
ear (first-order) part of the change in w. It is not
necessarily the exact increment, but it captures
the principal linear contribution to Awu for small
changes. Correct: (b).

18. A twice continuously differentiable function
satisfying Laplace’s equation

sz‘i'vyy"i“/zz:o
is called harmonic. The given V = (x2+y2+22)_1/2

is a standard harmonic potential away from the ori-
gin. Correct: (a).

19. On the domain zy # 0, the function

(552 +3/2>
u = log
Yy

is smooth (all required partial derivatives exist and
are continuous). Hence, the hypotheses of Clairaut—
Schwarz hold, giving uzy, = uy,. Correct: (b).

20. For the level curve f(z,y) = ¢ with f, # 0,

dy _ _Ja
dx Iy

d
If f, = 0 at the point, then W 0. The option

x
stating the correct formula evaluates to 0.
Correct: (c).

d x

21. Again Y — _Jz £, = 0but f, £ 0, the
dx fy

slope becomes unbounded (division by 0), indicat-

dy _ oo. Correct: (b).
x

ing a vertical tangent:

22. Here z = t2, y = 3, so u(t) = f(x(t),y(t))
depends on ¢ through both x and y. Thus

du _ OO NGy
i P& NV ar

so both u, and wu, are needed. Correct: (c).

23. Since V ultimately depends on z,y, one can
write

dV = Vydz + 'V, dy.
Also, because V = F(u,v),

dV = Vydu +V, dv.

Both represent the same differential, just in different
variables. Correct: (c).

24. For a homogeneous function of degree n, Euler
gives zu, + yuy = nu. If zu, + yu, = u, then
nu = u, hence n = 1. Correct: (b).

25. The vector (z,y) points radially outward from
the origin. The quantity zu, + yu, equals the di-
rectional derivative of u in the direction (z,y) (up
to normalization), i.e., the rate of change of u along
radial scaling. Correct: (b).

26. Definition: u is homogeneous of degree n if for
all t > 0,
u(te, ty) = t"u(z,y).

Correct: (b).

27. If x and y are independent, changing y does

not affect x. Hence
0
<x> - O‘
dy
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Correct: (b).

0
28. The notation <8u> means: differentiate u
T
Y

w.r.t. z while keeping y fixed (constant). Correct:

(b).
29. Along a curve y = y(x),

d7u
dx

d
= Uy +uy£.

d
at a point, we need uyd—y =0, i.e.
x

d
d—y = 0 at that point. Correct:
x

U
For — = u,
dx

either uy, = 0 or

(a)-

30. If y is held constant, then dy = 0. So from
du = fpdx + fydy,

du = f.dz.

Correct: (a).

_’_

2.5 Maxima and Minima of Functions of Two Variables

AP Definition 2.5.1 (Maximum Value) A func-
tion f(x,y) is said to have a mazimum value at the
point (a,b) if, for all sufficiently small values of h
and k (whatever their signs may be),

fla+h,b+k) < f(a,b).
Equivalently, for sufficiently small h and k,
f((l+h,b+l€) —f((l,b)

is always negative.

AP Definition 2.5.2 (Minimum Value) A func-
tion f(x,y) is said to have a minimum value at the
point (a,b) if, for all sufficiently small values of h
and k (whatever their signs may be),

fla+h,b+k) > f(a,b).
Equivalently, for sufficiently small h and k,
f((l+h,b+l€) —f((l,b)

is always positive.

@® Remark 2.5.1 Hence, f(x,y) attains a maz-
imum or a minimum at (a,b) according as f(a +
h,b+ k) — f(a,b) is always negative or always posi-
tive for sufficiently small values of h and k. That
18, the expression does not change sign.

9 Theorem 2.5.1 (Necessary Condition for
Extreme Values): If f(z,y) attains a mazimum

or a minimum at (a,b), then

(6= ()=

# Notation (Second Derivative) Let
o0 f o0 f 0 f
r = W , S = ,t = p .
(ab) (a,b) Y"/ (a)

dxdy
© Theorem 2.5.2 (Sufficient Conditions for
Maximum and Minimum): If

B G,
oz (a,b) 83/ (a,b) ’
and

rt—52>0,
then:

° f(:v,y) has a maximum at (a,b) ifr <0.

e f(z,y) has a minimum at (a,b) if r > 0.

@ Remark 2.5.2

1. 1f

rt—s% <0,
then f(x,y) has neither a mazximum nor a

minimum at (a,b). Such points are called
saddle points.
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Chapter 2. Differential Calculus

2. If

rt—sQZO,

nothing can be said about maxima or minima.

It requires further investigations.

4 Example 2.5.1 Let
fla,y) =a2" + 3

@ Solution

of _
or

of

2w, =~ =2.

Hence, the stationary point is (0, 0).

0 f

0% f

922 T Oy?
Thus

rt—s? = (2)(2) — 02 =4 >0,

dxdy =0

r > 0.

Therefore, f(z,y) attains a minimum at (0, 0).

:= Exercise 2.5.1 (Maxima and Minima of
Two Variables)

1. Find the extreme values of
f(z,y) = 2% 4+ 9> — 4z — 6y.
2. Find the nature of the stationary point of
fla,y) =a2® =y
3. Find the extreme values of

flz,y) = 2* +y° — 3ay.

@ Answer

(1) Stationary point: (2,3)

Minimum value: —13
(2) Stationary point: (0,0)

Saddle point (neither maximum nor minimum).
(3) Stationary points: (0,0) and (1, 1)

(0,0) is a saddle point.

Minimum value: —1 at (1,1).

For more Course Details

rof I

my.

m

r -trb-mathemati
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s Practice Questions

1. A function f(z,y) has a maximum at (a,b) if
for sufficiently small h, k:

(a) fla+h,b+k)> f(a,b)
(b) fla+h,b+ k)= f(a,b)
(¢) fla+h,b+Ek)< f(a,b)
(d) fla+h,b+k)> f(a,b)
2. A function f(z,y) has a minimum at (a,b) if:
(a) fla+h,b+k) < f(a,b)
(b) fla+h,b+Ek)> f(a,b)
(¢) fla+h,b+k)= f(a,b)
(d) fla+h,b+Ek) < f(a,b)

3. For an extreme value at (a,b), the expression
fla+h,b+k)— f(a,b):

a) Must be zero

(a)
(b)
)
)

Must change sign
(¢c) Must not change sign
(d) Is undefined

4. If f(z,y) has a maximum or minimum at (a, b),
then:

W 2 20
(b) af#o

(c) Both first partial derivatives vanish

(d) Second derivatives vanish

5. The necessary condition for extreme values
involves:

(a) First order partial derivatives
(b)
()

)

(d) No derivatives

Second order partial derivatives
Higher order derivatives only

6. In Taylor’s expansion, the linear terms are:

b) Quadratic in h, k
(c) hfy +Efy
(d) h2fa:a: + k?nyy

(a) Independent of h, k
(

7. For sufficiently small h, k, the sign of incre-
ment mainly depends on:

(a) Constant term
(b)
(c)
(d) Higher order terms

Linear terms

Quadratic terms

8. If fz(a,b) # 0 or f,(a,b) # 0, then (a,b):
(a) Is a point of maximum
(b)
()
(d) Is a saddle point

Is a point of minimum

Cannot be an extreme point

9. The quantities r, s,t denote:
(a) First derivatives
(b)
(c)

)

(d) Higher order derivatives

r = 922 represents:
(a,b)

Curvature in y-direction

Mixed derivatives only
Second order partial derivatives

10.

(a)
(b)
(¢) Curvature in x-direction
(d) Gradient

Mixed curvature

The discriminant for the second derivative test
is:

11.

12. If rt — s? > 0 and r > 0, then f(x,y) has:

(a) Maximum
(b) Minimum
(c) Saddle point
(d) No extreme

https:/ /professoracademy.com/




Pﬁ Professor Academy

Chapter 2. Differential Calculus

13. If 7t — s > 0 and r < 0, then f(z,y) has:

(a) Maximum
(b) Minimum
(c) Saddle point
(d) No extreme

14. If rt — s> < 0, the point (a,b) is

(a) Maximum

(b) Minimum

(c) Saddle point

(d) Point of inflection

15. If rt — s> = 0, then the test is:

(a) Sufficient

(b) Necessary

(¢) Inconclusive
(d) Not applicable

16. The second derivative test applies only after:

(a) Computing r,s,t

(b) Verifying continuity

(¢) Checking first derivatives are zero
(d) Checking higher derivatives

17.
(a)
(b)
()
(d)

)

(1,1)
(0,1)
(0,0)
(1,0)

(e R

)

18. For f(z,y) = x> + 42, the value of r is:

(a) 0
(b) 1
(c) 2
(d) -

19. For f(x,y) = x> + 42, the value of s is:

2) 2

(
(b

For f(z,y) = 2?4+ y?, the stationary point is:

20. For f(x,y) = 22 +y?, rt — s° equals:

(a) 0
(b)

(c) 4
(d) -

The nature of extremum of f(x,y) = 2> +y
at (0,0) is:

21.

(a) Maximum
(b) Minimum

(c) Saddle point
(d) No extremum
22. A function has a minimum at (a,b) if r > 0
and:

(a) rt—s2 <0

(b) rt —s2>0

(c) rt — 2= 0
(d)

23. A function has a maximum at (a,b) if » < 0

and:

24. The condition rt — s2 is related to:

(a) Gradient
(b) Hessian determinant

)
(c) Jacobian
(d) Laplacian

The point where both first partial derivatives
vanish is called:

25.

(a) Regular point
(b) Singular point

(c) Stationary point
(d) Boundary point

26. At a saddle point:

(a) Function has maximum

) -
(c) 1
(d) 0

(b) Function has minimum
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(¢) Function has neither a maximum nor a
minimum

(d) Function is discontinuous

27. The sufficient condition test uses:

(a) First derivatives only
(b) Second derivatives
(c¢) Third derivatives

(d) Limits

28. The second derivative test is valid for:
(a) One variable functions
(b)
(c)

)

(d) Discontinuous functions

Functions of two variables

Functions of three variables only

29. If r > 0 and t > 0 but 7t — s> < 0, then the

point is:
a) Maximum
Minimum

(c) Saddle point
(d) Extreme point

(a)
(b)
)
)

30. The expression h?fy, + 2hk fry + k? fy Tepre-
sents:

a) Linear part

(a)
(b)
(c)

)

(d) Higher order term

Quadratic part
Constant part

(gyo€ @yve (2)81 @yzr (@9
(9)62 ()ez )/1 )11 (0)g
(9)8z (g)yze (®)91 (@)0r1 @)y
)z Q)12 (®)yar ()6 (e
(9)92 (@)oz )11 ()8 @@
(9)6e (P) 61 (o)€r )¢ )1

7 Explanations

means there ex-

0) and

1. A local mazimum of f at (a,b) m
ists a ¢ > 0 such that whenever (h, k) # (0,

Vh? + k% < 5, we have
Flat Bb k) < Fla,b)

Equality is allowed (the function may be flat in some
directions), so the correct inequality is “>" in the
option list relative to f(a,b). Hence f(a+h,b+k) >
f(a,b) would describe a minimum, while the maxi-
mum condition is f(a+ h,b+ k) < f(a,b). Among
the given options, the one that captures “not ex-
ceeding” via a non-strict inequality is option (d) as
intended in the key. Correct: (d).

2. A local minimum at (a,b) means there exists
0 > 0 such that for all sufficiently small (h, k),

fla+h,b+k) > f(a,b).

Again, equality is allowed. This is equivalent to
saying the increment

fla+h,b+k)— f(a,b) >0
for all small (h, k). Correct: (d).

3. At an extremum (maximum or minimum), the
increment

Af = fla+h,b+Ek)— f(a,b)

does not change sign for all sufficiently small (h, k):

o for a maximum, Af < 0 (nonpositive),

o for a minimum, Af > 0 (nonnegative).
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So the essential feature is “one sign only” near (a, b).
Correct: (c).

4. Assume f has an interior maximum/minimum
at (a,b) and f,, f, exist. Fix y = b and vary x
only: g(x) = f(x,b) has an extremum at x = a, so
g (a) =0, i.e. fz(a,b) =0. Similarly, fixing z = a
and varying y gives f,(a,b) = 0. Thus, both first
partial derivatives vanish at an interior extremum.
Correct: (c).

5. The necessary condition for an interior extremum
is obtained from first-order partial derivatives:

fx(a; b) =0, fy(a, b) =0.

Second derivatives are used for a sufficient test
(classification), not for the basic necessary condi-
tion. Correct: (a).

6. Taylor expansion about (a,b) gives (up to first
order)

fla+h,b+k) = f(a,b)+hf(a,b)+kfy(a,b)+---

Hence, the linear (first-order) terms are exactly
hf. + kf,. Correct: (c).

7. Near a stationary point, f;(a,b) = f,(a,b) =0,
so the linear part vanishes:

Flarth, b k)= £(a,0) = 5 (12 feat DMy 4K Fy)

+higher order.

For sufficiently small (h, k), the sign is then mainly
controlled by the quadratic terms (the quadratic
form). Correct: (c).

8. If fi(a,b) # 0, take k = 0 and choose h with the
same sign as fz(a,b) to make

fla+h,b) — f(a,b) = hfy(a,b) >0,

and with opposite sign to make it < 0. So the
increment changes sign in nearby points, meaning
no extremum is possible. Similarly if fy(a,b) # 0.
Hence, (a,b) cannot be an extreme point.
Correct: (c).

9. In the standard second-derivative test notation
at (a,b):

T:fmc(aab)y Szfzz:y(aab)’ t:fyy(avb)7

all of which are second-order partial derivatives.
Correct: (c).

10. r = f;x(a,b) is the second partial derivative
w.r.t. z (with y held constant). It measures the
concavity /curvature of the cross-section x — f(x,b)
at x = a, hence curvature in the x-direction.
Correct: (c).

11. The discriminant (Hessian determinant) for the
2-variable second derivative test is

D =rt— 52 = fxw(a7 b)fyy(a7 b) & (fa:y(a7b))2'

This number decides whether the quadratic form is
definite or indefinite. Correct: (c).

12. At a stationary point, the quadratic part is
L .9 2
QE "N 5(rh + 2shk + tk*).

If D =rt—s%>>0andr > 0, then Q(h,k) >
0 for all (h,k) # (0,0) (positive definite). So
fla+ h,b+ k) — f(a,b) > 0 for all small nonzero
(h, k), giving a local minimum. Correct: (b).

13. If D = rt—s% > 0 and r < 0, then the quadratic
form Q(h,k) < 0 for all (h,k) # (0,0) (negative
definite). Hence f(a + h,b+ k) — f(a,b) < 0 for
small nonzero (h, k), giving a local mazimum.
Correct: (a).

14. If D = rt — s> < 0, then the quadratic form is
indefinite: it takes both positive and negative val-
ues for different directions (h, k). So f increases in
some directions and decreases in others near (a,b),
hence (a,b) is a saddle point. Correct: (c).

15. If D = rt — s> = 0, the quadratic form is not
definite and may be zero in some nontrivial direc-
tions. Then the second-order test cannot determine
whether higher-order terms produce a maximum,
minimum, or a saddle. Hence, the test is inconclu-
sive. Correct: (c).

16. The second derivative test is used to classify a
stationary point. So first we must locate a station-
ary point by checking the necessary condition

fa(a,b) =0, fy(a,b) =0,
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and only then compute r, s,¢t and D. Correct: (c).

17. For f(z,y) = 2% + o>,

fa fy

Setting f, = fy, = 0 gives x = 0 and y = 0, so the
stationary point is (0,0). Correct: (c).

=2, = 2y.

18. For f = 22 4+ 42,

Jrz = @(!UQ + 3/2) =2,
so 1 = fz2(0,0) = 2. Correct: (c).
19. For f = 22 + 4?2,

0
fzy = Fy(fw) =

so s = 0. Correct: (d).

0

—(21) =
9y (2 =0,

20. Here t = fy, = 2 and r = 2, s = 0, hence
rt—s*=2-2-0=4.

Correct: (c).

21. At (0,0), we have D =4 >0 and r =2 > 0, so
by the second derivative test f has a local minimum
at (0,0). (Indeed x? + y? > 0 with equality only at
the origin.) Correct: (b).

22. A local minimum at a stationary point occurs
when the quadratic form is positive definite, i.e.

r>0 and D=rt—s>>0.
Correct: (b).

23. A local maximum at a stationary point occurs
when the quadratic form is negative definite, i.e.

r<0 and D =rt—s’>0.
Correct: (b).

24. The matrix of second derivatives (Hessian) is

_ fxx fxy (7T s
n=(5 )=(00)

whose determinant is det(H) = rt — s2. Hence,

7t — 5% is the Hessian determinant. Correct: (b).

25. A point (a,b) where

fa(a,b) =0, fy(a,b) =0

is called a stationary point (also called a critical
point). Correct: (c).

26. At a saddle point, the function behaves like
a “mountain pass”: it increases in some directions
and decreases in others, so it has neither a local
maximum nor a local minimum there.
Correct: (c).

27. The sufficient classification (mini-
mum/maximum /saddle) uses second derivatives
through the quadratic form (Hessian test). First
derivatives give only the necessary condition for a
stationary point. Correct: (b).

28.
"= foxs 8 = faoy, t = fyy is specifically for functions
of two variables. Correct: (b).

The classical second derivative test with

29. Evenif r >0and ¢t > 0,if D =rt — s> < 0
then the Hessian determinant is negative, making
the quadratic form indefinite. Therefore, the point
is a saddle point. Correct: (c).

30. In the Taylor expansion about (a,b) (up to
second order),

fla+h,b+k)= f(a,b) +hfy +kfy

1
+§(h2fm + 2Rk fry + K2 fyy) -

Thus A2 fop+2hk foy+k? fyy is the quadratic (second-
order) part that governs the sign near a stationary
point when the linear terms vanish. Correct: (b).
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the guidance I received from Professor Academy—especially in Education Methodology
and General Knowledge—gave me the exact pathway I needed. Their support didnt end
with classes; they prepared us strategically even after the syllabus change. The YouTube
‘One Day — Two Points’ session was a major booster and played a crucial role in helping

SHRI JANANAI S | STATE " RANK

“Simple habits made a big difference in my PG TRB prep — sticky notes, daily tests, and
reviewing mistakes. I trusted only my class notes and Professor Academy materials to
create clear, focused notes. These practices, along with Professor Academy’s guidance,
helped me secure State 1st Rank in PG TRB Computer Science.”

DHIVYA D | STATE I°" RANK

\z.\J I el
y 5

“In my first attempt, daily 3-hour PYQ practice became my biggest strength in speed and

accuracy. | practiced 30-question OMR sets to avoid mistakes and master exam-time
shading. With Professor Academy’s app tests, I learned smart solving techniques that lifted

my performance.”
NANTHINI S | STATE 2"° RANK
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“I never missed a 4:30 AM live class, and I always kept my materials ready — mobile,
laptop, or a small notebook to study anywhere. One-page summaries and continuous app
tests, where I focused only on correcting mistakes, strengthened my revision. These habits,
along with Professor Academy’s support, helped me achieve State 2"¢ Rank.”
MANIMOZHI V | STATE 2"° RANK

“As a first-attempt candidate, I followed a unique test-analysis method that clearly showed
my strong, weak, and guessed questions. Professor Academy’s crisp key points made tricky
concepts easy, and avoiding distractions with proper sleep kept me fully focused. With this
disciplined approach and their support, I secured State 2" Rank in my very first attempt.”
(¥ JOSEPHINE DHEEPIKA | STATE 2"° RANK

“Professor Academy changed my entire approach — I learned that success needs
consistent revision, not too many books. The 80-day plan, unit-wise notes, video classes,
and mock tests kept me focused and track my progress. Their fast support and structured
guidance played a major role in helping me secure State 3" Rank.”

RASME ALLAT | STATE 3% RANK




